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I wish t o  show t h a t  the  i n t e g r a l  

converges. I n  p a r t i c u l a r ,  cons ider  a  t y p i c a l  term i n  (Al) , e .g . ,  

which is the r, r '  e l e m n t  s f  the term i nvo lv ing  V on t h e  l e f t  
'+ 12 

side of (Al). 



Because V is  a s h o r t  range f o r c e ,  t h e  i n t e g r a l  (AZ)  can 12 

diverge  ( a t  i n f i n i t y  i n  5" Space) only i n  d i r e c t i o n s  v I' a long  
.J 1 2  

which r " remains f i n i t e .  Reca l l i ng  Eqs .  (95) and ( b l 2 ) ,  one s e e s  
N 1 2  

t h a t  the  l a b o r a t o r y  system analogues of (914) and (915) must 

imply 



plus  [on the  r i g h t  s i d e  of (A3) 1 an i n t e g r a l  over the  continuum 
h 

" k ) , as i n  Eq. (112a) . In (A3), s i n c e  jI2" Eunct-ions u(j12 9w12 

r e m i n s  f i n f t e ,  the magnitude of the nfne-dimensional v e c t o r  - p " 

de f ined  by t h e  double-primed analogue s f  (256) is t h e  same a s  t he  

magnitude of t h e  six--dimensional v e c t o r  d p 1 2  " def ined  by 

i n  t he  n o t a t i o n  of E q .  (102d) ; a l s o ,  the  two masses appearing in 

C2(E - E ) [which is def ined  by (90b) are the nio e f f e c t i v e  masses 3 
i n  (Ah) , namely FI and +3R. The neg lec t ed  continuum con t r ibu t  i o n  i n  

(A3) i s  of o r d e r  p"-4 [compare Eqs. (lE2a) and ( l l 6 a ) ] ,  i . e . ,  indeed 

n e g l i g i b l e  compared t o  the  r e t a fned  discrete sum i n  (A3), f o r  t h e  

purposes of t h i s  s e c t i o n .  

The asymptot ic  behavior  of G~'"  (2' ;c') in (A2) as r" + is  

given by E q s .  ( 9 0 ) .  Thus, employing Eqs . (40) a long with (A3) [and 

recogniz ing  t h e r e  can be  a t  most a f i n i t e  n u h e r  of bound s t a t e s  

u because V12 i s  s h o r t  range] ,  i t  i s  c l e a r  t h a t  the  i n t e g r a l  (A2) 
j 

converges i f  @ only if i n d t v i d u a l  i n t e g r a l s  sf t h e  form 

converge a t  l a r g e  p "  f o r  each j. I n  (A5) tlie i n t e g r a l  over ml2 r " 



obviously converges.  In t roduce  

(where, of course ,  the  t i l d e  merely d i s t i n g u i s h e s  t he  vec to r s  on 

the  two s i d e s  of (AG) bnd has  noth ing  t o  do wi th  t h e  t ranspose  
(29) ) . 

Then, r e c a l l i n g  Eqs. (89) and (A4), one s e e s  t h a t  the  volume element 

t t where the  d i s t i n c t i o n  between p "  and p can be ignored he re .  I n  
12 

(A5), moreover, t h e  p lane  waves i n  R '  and q ' , a s  w e l l  a s  the  f a c t o r  
f i  ,12 

- 
Y (-) *, depend--via the  doub le-primed analogues of Eqs . (92) --on 

t h e  f i v e  independent angles  s p e c i f y i n g  v ", b u t  n o t  on the  magnitude 6-12 

I t .  It fol lows t h a t  t he  in t eg rand  of (A5) i s  of o rde r  p ,,-3/2 
$12 

a t  l a r g e  p", Therefore  (A5), and c o n c o d t m t l y  (A2) , a r e  convergent,  

Q.E.D. 

A.2 E q .  (6%) 
-7 

PIext cons ider  E q .  (65b) ,  whose v a l i d i t y  depends on the  

convergence of 



Consider, e , ~ , ,  t h e  term involv ing  V 23" This term can d iverge  (at 

i n f i n i t y  i n  r" space)  only i n  d i r e c t i o n s  v " a long  which r I 1  

e-2 3 m 2 3 .  

remains f i n i t e .  Along such d i r e c t i o n s ,  G12 cannot propagate  i n  

bound s t a t e s  , however, i. e . ,  a long d i r e c t i o n s  v23" 
IV G12 

(') behaves 

asymptot ica l ly  e s s e n t i a l l y  l i k e  Gp ('I [ r e c a l l  t h e  d i scuss ion  concerning 

Eqs . (116) 1 . Consequently (A8) ---l ike (A2) --converges, .as a s s e r t e d  

fol lowing Eq. (65a) . 
A . 3  Center of Mass A n a l o ~ u e s  of Eas. (63) 

The convergence of t h e  c e n t e r  of mass analogues of Eqs. (63) now 

i s  t r i v i a l l y  demonstrable.  Consider ,  e . g . ,  the c e n t e r  of mass 

analogue of (A2), namely 

Using Eqs . (40) , ( 9 0 )  and (114) , i t  i s  c l e a r  t h a t  (89a) converges i f  

and only i f  i n t e g r a l s  of the form (omi t t ing  i n e s s e n t i a l  f a c t o r s  i n  

the in tegrand)  

converge a t  l a r g e  q " 12 ' But (A9a) does converge, because i ts  in t eg rand  

i s  of o rde r  q ,,-3/2 
12 

A . 4  E q .  (52a) w i th  Two--Body Bound S t a t e s  

I now t u r n  t o  Eq. (52a) , 5n which, a s  i n  (46)  , i t  now i s  convenient  

t o  suppose t h e  i n c i d e n t  p lane  wave $i(E') may correspond t o  a  d i f f e r e n t  

energy than the  Greenf s func t ion  G(') (E) . I n  p a r t i c u l a r ,  cons ider  

t h e  term i n  (52a) involv ing  VI2, which can be  r e w r i t t e n  as 



A s  above, t h e  i n t e g r a l  over  dr12' converges,  and i t  i s  necessary  only 

t o  examine t h e  behavior  of t h e  in t eg rand  along d i r e c t i o n s  x12' on 

which z12' remains f i n i t e .  The behavior  of G(+) s t i l l  i s  given by 

(+I (A3) , b u t  t h e  p lane  wave f a c t o r s  i n  (Al0) do n o t  behave l i k e  GF . 
In t roduce  (29) [ i n  analogy wi th  (A6) 1 

Then one can w r i t e  

where, r e c a l l i n g  Eqs. (28d) and (351, 

whi l e  x is  the  angle between the  s ix-dimensional  vec to r s  

by ( A 4 )  1 and s12 ', with  



I 
For the  purposes of t h i s  s e c t i o n  t h e  awlaqard s u b s c r i p t s  i n  5 can 

be  dropped, i. e. , henceforth I s h a l l  w r i t e  g12v E f .  .w 

When two-body bound s t a t e s  u.(zlZ) e x i s t ,  t h e r e f o r e ,  t he  i n t e g r a l  
J 

(A101 w i l l  be  a sum of i n t e g r a l s  p ropor t iona l  t o  [again omi t t i ng  

i n e s s e n t i a l  f a c t o r s  i n  t h e  in t eg rand  and ignor ing  t h e  d i s t i n c t i o n  

between p '  and p12'] 

where [compare ( ~ S ) l l ( ~ '  i s  determined s o l e l y  by t h e  d i r e c t i o n  x12' 
along which 5' becomes i n f i n i t e  i n  (AlO), and i s  wholly u n r e l a t e d  t o  

t h e  o r i g i n a l  :i' i n  $ J ~ ( & ' ) .  I n  (Al3a) i t  i s  presumed t h a t  propagat ion 
u 

i n  u ( r  ') i s  e n e r g e t i c a l l y  possible(15);  otherwise i s  
j *12 

p o s i t i v e  imaginary,  e  i p  ' 
j i s  exponentially decreasing a t  large 

p ' ,  and (A13a) assuredly  converges. Also, as  explained fo l lowing  

- ( --) * 
(A7) , t h e  f a c t o r  Y i n  (Al3a) depends on z12', bu t  no t  on p 12 ' ' 
Consequently t he  o s c i l l a t i o n s  of t h e  in t eg rand  i n  (Al3a) a t  l a r g e  

' 2 p ' dorninahely a r e  determined by t h e  phase f a c t o r s  e  1.2 ' " 'cosx. Correspondingly, l e t t i n g  t h e  po la r  a x i s  f o r  s12 ' and e 

l i e  a long  c'  of ( ~ 1 2 ~ ) ~  a t  l a r g e  p '  t he  i h t e g r a l  (A13a) must behave 
& 

e s s e n t i a l l y  l i k e  

[For  f u r t h e r  d e t a i l s  concerning t h e  form of t h e  volume element 



p  ~ ~ d p  'du12 ' i n  six-dimensional s p h e r i c a l  coo rd ina t e s ,  s e e  s e c t  i o n  D. 11 .  

The express fon  (Al3b) i s  p ropor t iona l  t o  (30) 

Hence the  i n t e g r a l  (Al0) f a i l s  t o  converge when two-body bound s t a t e s  

can occur.  Eq .  fi13c) i n d i c a t e s  t h a t  t he  non-convergence r e s u l t s  from 

c o n t r i b u t i o n s  t o  (A10) behaving l i k e  

which, recalling (A1Zb) , is identical with (47) . 
A t  large f ' p '  , t he  i n t e g r a t i o n  over  dx i n  (A13b) i s  detedned 

pr imar i ly  by the  va lues  of t h e  in t eg rand  i n  the neig l~bor t~oods  of 

x = 0 and IT, which a r e  p o i n t s  of s t a t i o n a r y  phase ;  i n  f a c t ,  w r i t i n g  

2 
cosx = 1 - x /Z immedfately shows t h e  c o n t r i b u t i o n  t o  t he  i n t e g r a l  

(A13b) from t h e  v i c i n i t y  of x = 0  i s  af t h e  o rde r  of 

where n [ i n  t h i s  case  equa l  t o  41 is  the  power of sinX i n  the  in t eg rand  

of (Al3b) . A t  l a r g e  p  ' , t he re f  o r e ,  t o  j u s t i f y  t he  s t e p  from (A13a) 

t o  (Al3b),  i t  i s  n e c e s s a q  only t o  =sum t h a t  t h e  comparatively s lowly  

vary ing  (172th t h e  angles  s p e c i f y i n g  zLeq) neglected f a c t o r s  i n  ( ~ 1 3 a )  

are f i n i t e ,  i. e .  , n e i t h e r  i n f i n i t e  no r  zero ,  a t  x = 0 and IT. There 

s e e m  no reason t o  doubt t he  gene ra l  co r r ec tnes s  of t h i s  assumption. 



A t  t h i s  p o i n t  9: cau t ion  the  reader  t h a t  i n  the  very f requent  

subsequent i n s t a n c e s  ( i n  t h i s  and l a t e r  Appendices) wherein the  

behavior  of i n t e g r a l s  l i k e  (h13a) mus t be e s  t imated , t he  angular  

dependence of t he  s lowly varying wave func t ions ,  e t c .  , i n  t he  

inregrend will be routinely ignored without further explanation, on the 

grounds of the arguments in this and the preceding paragraph. 

h.5 Eq .  (52a) wi th  Three-13&Bound S t a t e s  ----- 

I f  bound s t a t e s  do n o t  e x i s t ,  t h e  dominant asymptot ic  behavior  

of C ( C )  i n  (AlO) i s  given by the  continua cont r ib t i t ion  emit ted 

f rorn (A3) . Correspondingly, (A13a) i s  rep laced  by 

A s  above, C q .  (A14a) behaves e s s e n t i a l l y  l i k e  

which converges. Thus t h e  aforementioned divergences i n  (52a) do 

no t  appear when bound s t a t e s  do n o t  occur.  On the  o t h e r  hand, 

suppose t h e r e  e x i s t  three-body bound s t a t e s  

Then, because u necessa r i ly  i s  independent o f  P, t h e  i n t e g r a l  ( h l q )  
j @wm 

now behaves like 



3t l a r g e  R '  , vrllere 

'%ereas only z12' remafned e f f e c t i v e l y  f i n i t e  i n  (~13a), t h e  

q u a d r a t i c a l l y  i n t e g r a b l e  u , ( r  ' ,  ' )  keeps both  r ' and q 
J ~ 1 2  512 A812 

e f f e c t i v e l y  f i n i t e  i n  (A15a). Thus only a  three--dimensional v e c t o r  

[namely R' ] becomes in£  i n i t e  i n  (A15a) , v~hereas  a  six-dimensional 
4 

v e c t o r  [namely p ' = ' v ' 2 p 'x12 ' I became i n f i n i t e  in.  
, I 2  - '12 4 2  

(A13a). Therefore ,  perfonning the  angular  i n t e g r a t i o n  over  t he  

d i r e c t i o n  of s' , (Al5a) reduces t o  

Tlle &.-function i n  (A15c), l i k e  t he  6--function ( ~ l 3 d ) ,  always vanishes 

on the  energy s h e l l  because E i s  negat ive .  1 add t h a t  one r e a d i l y  
j 

s e e s  t hese  3-body s t a t e s  do n o t  a f f e c t  t h e  convergence of (A?),  (AS) 

o r  (Ma). Horeover, i t  i s  c l e a r  from t h i s  s e c t i o n  and preceding 

s e c t i o n s  t h a t  t h e  absence of t he  V term keeps the  l abo ra to ry  system 
12 

v e r s i o n  o f ( l l 5 b )  convergent excegL when three-body bound s t a t e s  

e x i s t ,  i n  which event  an a n a l y s i s  e s s e n t i a l l y  i d e n t i c a l  t o  Eqs. 



-- (+> I n  Eq. (52b) , terms i n  G cor responding  t o  tllree-body bound 

s t a t e s  a r e  p r o p o r t i o n a l  t o  U *  (r12 .;23). and t h e r e f o r e  o l ~ v i o u s l y  
J 

cannot  cause  d ivergence .  l a e n  two-body bound s t a t e s  u ('r12) e x i s t ,  
j 

t h e  i n t e g r a l  i n v o l v i n g  V12 i n  (5%) [ h e r e  l e t t i n g  E '  b e  d i f f e r e n t  

from E l  i s  a sum of  i n t e g r a l s  p r o p o r t i o n a l  t o  

d ' d r '  (Al6a) 
?I2 

a t  l a r g e  q' 12. E q ,  ( A l 6 a ) ,  which h a s  e q l ~ y e d  (114b) and ( 1 1 5 a ) ,  

is t h e  c e n t e r  of mass analogue of Eq .  (Al3a) .  The i n t e g r a l  (AlGa) 

is  b a s i c a l l y  s i m f l a r  t o  ( A I S a ) ,  and reduces  t o  t h e  non-convergent 

i n t e g r a l  

which obv ious ly  is t h e  c e n t e r  of mass analogue of (47)  , and n e c e s s a r i l y  

v a n i s h e s  on t h e  energy  s h e l l  = I?' ; t h e  i n t e r p r e t a t i o n  of (AP6b)-- 

namely t h a t  t h e  argument of t h e  6 - f u n c t i o n  v a n i s h e s  when t h e  unprimed 

and primed s p e e d s ,  of p a r t i c l e  3 relative to the  center sf IBaSS sf 

p a r t i c l e s  1 and 2 ,  a r e  equal- - - is  irmnedf ate, r e c a l l i n g  t h e  remarks 

f ollorving E q .  (29) , and r e c o g n i z i n g  t h a t  h21? is  t h e  c e n t e r  n 2 j  3 R  

o f  mass f same I c i n e t i c  energy when 1, 2 a r e  bound i n  u ( r  I n  t h e  
j *I2 

absence  of two-body bound s t a t e s  , r e c a l l i n g  E q s  . (116) , t h e  f n t e g r a l  

(A16b) would be  r e p l a c e d  by [compare E q s ,  (Ai3e) and ( k l 4 b )  



which converges .  

A.7 E q .  (42) 

(+) (+I For  li of Cq. (Zla),, t h e  i n t e g r a l  i n  L q .  (42)  i s  G VYi , F 

wl~ose  V12 term is  

where now t h e r e  is  no need t o  d i f f e r e n t i a t e  between t h e  e n e r g i e s  of 

t h e  Green 's  f u n c t i o n  and t h e  wave f u n c t i o n .  The i n c i d e n t  p l a n e  

wave p a r t  of Y i 
i n  (A171 y i e l d s  an  i n t e g r a l  behaving e s s e n t i a l l y  

l i k e  (A14a). I n  o t h e r  words ,  t h e  i n c i d e n t  p a r t  of Yi ('I nalies (A171 

a  convergen t  i n t e g r a l . .  Now t h e  i n t e g r a l  (A14a) converges  b e c a u s e  

e  "" ' =OsX , though of a b s o l u t e  v a l u e  u n i t y ,  produces  a  f a c t o r  o f  

o r d e r  p 1-5'2 i n  (A14b) a f t e r  i n t e g r a t i n g  o v e r  dz12'. A l l  t h e  s c a t t e r e d  

(non- inc iden t )  p a r t s  of Yfi(')(r') d e c r e a s e  a t  l e a s t  as r a p i d l y  as 

( ~ ~ ( 5 ' )  when 6' + m ,  and a p p a r e n t l y  o s c i l l a t e  s u f f i c i e n t l y  t h a t  a f t e r  

i n t e g r a t i n g  o v e r  dv ' they a l s o  y i e l d  convergent  analogues  of (A14b). ..I2 

For example,  r e p l a c i n g  Yi (+I i n  ( ~ 1 7 )  by m12 ('I of Eqs. (61)  and 

(72) a g a i n  y i e l d s  an i n t e g r a l  behav ing  l i k e  (h14a) ; r e p l a c i n g  Y 
(+I 

i 

i n  (A171 by @23 y i e l d s  an  i n t e g r a l  which i s  even more r a p i d l y  

convergent  t h a n  (A171 * 

There remains  f o r  c o n s i d e r a t i o n  t h e  r e s u l t  of r e p l a c i n g  Y 
(+I 

i 



i n  (AL7) by Qi a s  dcf ined i n  (62)  . I f  bound s t a t e s  u.  (z12) 3 

do not  e x i s t ,  t l l a t  p a r t  of Qi 1 i s  t r u l y  three-body and lias 

been termed 
i 

t ( f )  obviously causes no d i f f i c u l t y  i n  (A17) , because 

by d e f i n i t i o n  [ r e c a l l  t h e f h l P o d d c  t o  Chapter 41 

E q .  (Alga) a s  i t  s t a n d s ,  even b e f o r e  angular  i n t e g r a t i o n ,  conta ins  

-, .-5/2 % 
th2 f a c t o r  p ( = p ' -5/2 a t  i n f i n i t y  along x12' ) needed t o  ~ a k e  

(A17) convergent.  Ilov~ever , @ a l s o  can r e p r e s e n t  recomb i n a t i o n  i 

reac t ions  (17a) ,  i .e. , can propagate  i n  bound s t a t e s .  Thus, when 

bound s t a t e s  u ( r  ) e x i s t ,  Eq .  (A13a) is  very s e r i o u s l y  i n c o r r e c t  
j ~ 1 2  

1 
along d i r e c t i o n s  s12, and n u s t  b c  rep laced  by 

This  complicat ion was ignored i n  t h e  preceding paragraph because 

energy - momentum conserva t ion  prevents  @ (+) 12 (f12) from propagat ing 

i n  bound s t a t e s  u ( r  ). 
j ~ 1 2  

I n s e r t i n g  (A13b) i n t o  (A171 g ives  an i n t e g r a l  behaving l i k e  



T h e  three-dimensional ( r a t h e r  tllan six--dimensional) p lane  wave 

it; * ?, ' 
f a c t o r  e  @ * makes i t  imprac t i ca l  t o  immediately in t roduce  

s p h e r i c a l  coord ina tes  i n  t h e  six--dimensional space  spanned by 

& 
tQa9 ' E (5' , q12 ' ) [ r e c a l l  Eqs . ( A 4 )  and ( ~ 6 )  1 , as  has been done 

3 2  rr) 

i n  previous i n t e g r a l s  i n  t h i s  Appendix. I?ot.~ever, t he  i n t e g r a t i o n s  

over  t h e  d i r e c t i o n s  of q ' and Lv i n  (Alga) can be  performed 
-12 

immediately, y i e l d i n g  [ s t i l l  omi t t ing  i n e s s e n t i a l  f a c t o r s ]  

( AlQ?J) 

Yext,  r ep l ace  R '  , ' r e s p e c t i v e l y ,  and then  in t roduce  

" & I  p o l a r  coord ina tes  i n  t h e  R ' ,  q12 p lane ,  i . e . ,  c o n s i s t e n t  v i t h  Eqs. 

(Ah) and (A61 , 
N 1 

hs i n  ( h 7 )  and (A13a), t h e  d i s t i n c t i o n  be t~ leen  p ,'and p '  nov can l& 

be  ignored,  because i n  e f f e c t  i s  be ing  kept  c o n s t m t  as Y' and 

hecome l a r g e .  Hence E q s  . (A20) , th t h e  a i d  of (Al l )  , reduce 

(A13b) t o  a  sum of two i n t e g r a l s ,  of form 

En C q .  (h21a) 1: have nade i t  e x p l i c i t  t h a t  ::e are i n t e r e s t e d  on ly  

$17 t k p  ? ,chavior  o f  fhe i n t e z r a l  o t  l a r g e  p '  ; anyway, ~t s ~ ; ; l l  va lues  



of the s u b s t i t u t i o n s  [ e . ~ .  , (?1?b) f o r  @I t(')] lending t o  ("?la) 

a r e  u n j u s t i f i ~ d .  Cecause Q ' ,  p'@.re e n c h % n t r ~ ~ ~ i c a l l p  p o s i t i v e  -In 

gaJ e=- 
i s  c l ~ f f n e d  i n  terms of R, E by tFe analogue of (A12b), therewfth 

1 3  j 

malciny t h e  clefinitionr:  of (?+ obvj ous . - 

A t  l a r c e  . p l  t he  behavior  of  t h e  f n t e g r a l  (A21b) i s  d e t ~ r m i n e d  
J 

primaril-y hy t h e  va lues  of t h e  inteprnnd. i n  t h e  r ~ + y h h o r h o o d  of 

sfn($ .- 4,) = 0 ,  which a r e  t he  points of s t a t i o n a r y  phase. Re fe r r ing  - 
t o  t he  d i scuss ion  fol lowing Eq .  ( ~ 1 3 d ) ,  one s e e s  t h a t  i f  ( ~ 2 1 b )  has  

a  p o i n t  of s t a t i o n a r y  phase a t  9 i 4, < ~ / 2 ,  t h e  i n t e g r a l  over  4 i n  

, -112 
(A21b)  i s  of order  p [ r e c a l l i n g  (Al3e) a116 recogniz ing  t h a t  t he  

f a c t o r s  s l ~ ~ $ , c o s +  now a r e  nonvanislling a t  the  p o i n t  of s t a t i o n a r y  

~ h a s e ] .  Yhen (A2lb) has  poirlts of s t a t i o n a r y  phase a t  0 < 4 < n / 2 ,  

t h e r e f o r e ,  the in tegrand--af te r  performing the  i n t e g r a t i o n  over  $-.- 

, - 3 / 2  
i s  of order  p , wliich converges.  I f  t h e  p o i n t s  of s t a t i o n a r y  

phase l i e  a t  9 o r  n / 2 ,  o r  e n t i r e l y  o u t s i d e  the  range 0 6 $ $ n/2, 

t he  i n t e g r a t i o n  over  4 i n  (~21tl) w i l l  y i e l d  a r e s u l t  decreas ing  even 

more r a p i d l y  than p , - l / 2  Consequently t he  Q 
i 

t(C) c o n t r i b u t i o n  t o  

(Al.7) converges. 

I remark t h a t  tlie i n f l u e n c e  of three-body bound s t a t e s  need 

n o t  b e  considered i n  (A171 because energy--momentum conserva t ion  

prevents  t h r e e  i n c i d e n t  p a r t i c l e s  1, 2 ,  3 from combining i n t o  a 

t h r e e -  body u .  (zl, . rq3)  , althouglr such three-body terms ~ l e c e s s z r i l y  
J L. N L  

appear i n  t h e  g reen ' s  func t ion  6 (C)  and the re f  o r e  had t o  be 

considered i n  examination of tlie convergence o f ,  e .  g.  , (Al3) . 
7 . -orcover ,  f a l l  p a r t s  of C, ( )  i .  conceivably can propagate i n  Wo- 

i 

body bound s t a t e s  a l ready  have been examined, Therefore the  preceding 



arguments i n  t h i s  s e c t i o n  a r c  s u L E i c i e n t  t o  s h o ~ ~  E q .  (42)  h a s  no 

d i v e r g e n c e s  a s s o c i a t e d  wit11 I ~ O U I I ~ :  s tates [of  t h e  t y p e  found i n  C q .  

( 5 2 a ) I .  To complete the  demons t ra t ion  t h a t  ( d l >  converges ,  i t  

s t i l l  i s  n e c e s s a r y  t o  examine t h e  c o n t r i b u t i o n  t o  (Al7) made by 

t h e  d o u b l e - - s c a t t e r i n g  terms i n  Q, 
i '('), w11icI1 [ r e c a l l  s u b s e c t i o n  4.1.31 

-2 
are of o r d e r  iT i n  t h e  l i m i t  r + I11 o t h e r  words 

 ere the phase factor A(;') 4 cannot depend on 5'. Presumably the 

exact form of A ultimately though arduously could be f o m d  via  the 

analysis  i n  sect ion E . 3 ,  but for  our p c purposes  (.A22) s u f f i c e s .  

Replacing Yi ('I i n  (A17) by (A22) a t  large R9, q12' and f i n i t e s l Z  
v 

'-' 

y i e l d s  the i n t e g r d  [ conapare (Alga) 1 

Recalling ( A 7 ) ,  one sees t h a t  t h e  i n t e g r a n d  i n  (A23) a l r e a d y  is  of 

-1  
o r d e r  p '  From Eqs. (Al9) -. ( A 2 1 )  i t  is  e v i d e n t  that.---even i f  A 

i s  cons tan t - - the  i n t e g r a t i o n  o v e r  f i v e  a n g l e s  ( i n  t h e  s ix -d imens iona l  

s p a c e  o f  R ' ,  q ' ) ,  which reduces  (A231 t o  an i n t e g r a l  o v e r  dpv 
A, @,x2 

elme, cannot  f a i l  t o  produce a t  l e a s t  one f ac to r  of p 9 -1 /2  Ilence 

(Al l )  is  convergent ,(I .E . D .  S i m i l a r - - r a t h e r  simpler-arguments shovr 

t h e  c e n t e r  of mass v e r s i o n  of ( 4 2 )  d l s o  i s  convergen t ,  



Consider Eq.  (43b) .  L e t  m e  introduce, to e i q l i f y  the notation, 

Than, wing (89a) , one sees Eq, (43b) takrssbhe"8m 

In Eqs. ( A 2 4 ) ,  the fntegratim over dv' &A iglvolves a finite angular 

rmge m%y [section Dell, mw the integrals (A241 m y  be presumd 

to converge; correlapondieglj~, ebare would be no difficulty in 

Juetifying the fntaxehmgs of order of integratim m d  lidt E + O 

for the p d r  06 integrals on &e rigbt sides of (8241, i ,e.  , fn  

The question whether 3% not Eq, (43b) i s  valid fiat?., the questim 

wPlie&er or not (A25a) is valid] arises m%y because (A25a) involves 

m integration over an infinite rmge of rs. 

TPle assertim t h a t  the i n t e g r a l  on ehe r i g h t  eide of (A2581 



Converges a t  l a r g e  r-i~o s p e c i f i e d  g ' , E  means p r e c i s e l y  the  

fol lowing.  m e r e  e x i s t s  a number N ,  depending on g\ 'i$ such that-- 

given any n > 0 hawever small--one can f i n d  pfrn L depending on n 
0 

L > L o  The z l l u e  ass igned  t o  t h e  i n t e g r a l  on t h e  r i g h t  

s i d e  of (A25a) is  of course  t h e  number N($,E) i n  (A26a). But 

gran ted  t h i s  assignment [which now provides a d e f i n i t i o n  of t h e  

previous ly  undefined e r p r e s s i o n  on t h e  r i g h t  s i d e  of (A25a)l w i l l  b e  

made, i n t r o d u c t i o n  of t h e  symbol N(x-,E) is supe r f luous ;  one may a 

w e l l  symbolize t h i s  number by the  o r i g i n a l  exp res s ion  on t h e  r i g h t  

s i d e  of (A25a). With t h i s  understanding,  (A26a) can be  r e w r i t t e n  as 

S i m i l a r l y ,  t h e  a s s e r t i o n  t h a t  t he  i n t e g r a l  on t h e  l e f t  s i d e  of (A25a) 

converges a t  l a r g e  r' f o r  s p e c i f i e d  L' ,  E and E 0 mans 

where the  s u b s c r i p t  E i n  LE(n)  makes e x p l i c i t  t h e  dependence on E 

w e l l  a s  on n) of t h e  smallest a l l m e d  upper l i m i t  i n  t h e  second 

i n t e g r a l  under t h e  abso lu t e  va lue  s i g n .  Of course ,  i n  gene ra l  both Lo 

and LE depend a l s o  on Pa9 bu t  i n  t h e  subsequent d i scuss ion  
A4 

b e  h e l d  f ixed .  



The s e t  of i n t e g r a l s  on t h e  l e f t  s i d e  of (h25a) i s  s a i d  t o  be  

un i fo rmly  convergent  i n  a  domain abou t  E = 0 i f  t h e r e  e x i s t s  

an  E > 0 such that - -given any Q 0--for any E i n  t h e  open i n t e r v a l  
m 

0 E 4 ern one can f i n d  an  L depending on Q b u t  independen t  of rn 

E f o r  whic11 

%e p o i n t  E. = 0  i s  excluded i n  (6827) because  Y ( z ; r P  ;E + i e )  may 

n o t  b e  t i e l l - d e f i n e d  when E = 0 ,  a t  w l ~ i c h  v a l u e  of E ,  t h e r e f o r e ,  

a  l i m i t i n g  r e l a t i o n  such  a s  (A25b) i s  r e q u i r e d  t o  p r e s c r i b e  Y(E = 0 )  

and t o  a s s i g n  i t  a  s e n s f b l e  v a l u e .  J u s t  t h i s  s i t u a t i o n  o b t a i n s ,  

of c o u r s e ,  f o r  t h e  f u n c t i o n s  Y E  -+ To) and Gi(E + i o )  i n  ( 8 2 4 1 ,  

where Eqs. ($a) and (26a) r e s p e c t i v e l y  must b e  i n t r o d u c e d  b e c a u s e  

t h e  r e l a t i o n s  (8b) and ( l o b )  a r e  not p r e s c r i p t i v e  a t  E -- 0 .  

G r a n t i n g  t h a t  t h e  i n t e g r a l  on t h e  l e f t  s f d e  of (A25a) converges  

f o r  e v e r y  E 9 0,  t h e n  f o r  o t h e r w i s e  a r b i t r a r y  f u n c t i o n s  G 5  9 Vi,  YJi 

i n  (A24b) the mere f a c t  t h a t  (A25a) converges  when Y(') i s  d e f i n e d  

by (A25b) is  n o t  s u f f i c i e n t  t o  e n s u r e  t h a t  t h e  i n t e g r a l s  on t h e  l e f t  

s i d e  of (A25a) a r e  un i fo rmly  convergent  i n  a domain abou t  E = 0 .  

A s i m p l e  i l l u s t r a t i o n  of t h i s  assertion is  prov ided  by t h e  s e t  s f  

i n t e g r a l s  



n l e  i n t e g r a l s  (A2801 converge f o r  evcry E > 9 ;  s p e c i f i c a l l y  f o r  any 

Yoreover, s i n c e  f o r  a l l  x - > r) 

we have a l s o  

where the  i n t e g r a l  on the  l e f t  sicle of ( R 2 8 d )  s u r e l y  converges. The 

analogue of ( A 2 7 )  f o r  t h e  s e t  of i n t e g r a l s  (A2:a) i s  

3 u t  t he  l e f t  s i d e  of (A23a) i s  
I 

Thus ,  f o r  (A29a) t o  he s a t i s f i e d  i t  i s  necessary t h a t  



E q .  ( L ? @ c )  nlio~i; that  i t  i s  n o t  p o s s i b l e  t o  f i n d  an LEL(n)  , inJepcoden t  

of E ,  f o r  iv'hich (h29a) w i l l  a s  E becomes a r b i t r a r i l y  c l o s e  t o  

z e r o .  Cor responding ly ,  because  (1223a) f a i l s ,  tIie i n t e r c h a n g e  of 

o r d e r  of i n t e g r a t i o n  and l i n d t  E -t 9 

[which is  t h e  analogue of (h25a) ] need n o t  h o l d ;  i n d e e d ,  (A29d) is  

n o t  t r u e ,  a s  comparison of (A2Sb) and (A28d) sliows. 

T T  .lowever, I a rgue  (I a m  n o t  a b l e  t o  prove)  t h a t  when Gi, Vi ,  

i n  (A24b) a r e  r e s p e c t i v e l y  t h e  Green 's  f u n c t i o n ,  p o t e n t i a l ,  s c a t t e r i n g  

wave f u n c t i o n  d e f i n e d  i n  t h i s  p a p e r ,  t h e n  t h e  mere knowledge t h a t  

t h e  r i g h t  s i d e  6f  (A25a) i s  convergent  f o r  Y(') g i v e n  by (A25b) 

i s  s u f f i c i e n t  t o  e n s u r e  t h e  c r i t e r i o n  (A27) f o r  unifornl  convergence 

h o l d s .  I n  e s s e n c e ,  t h e  argument is  t h a t  t h e  convergence of t h e  

i n t e g r a l  on t h e  r i g h t  s i d e  of (A25a)--which f o r  lli of  Eq .  (21a) is 

i d e n t i c a l  w i t h  t h e  i n t e g r a l  i n  E q .  (42) examined i n  s e c t i o n  A . 7 - -  

t e n d s  t o  b e  slower than  t h e  convergence ( f o r  E > 0 )  of t h e  i n t e g r a l s  

on t h e  l e f t  s i d e  o f  (A25a).  For  E > 0 ,  Gi(&') i n  ( ~ 2 4 b )  i s  

e x p o n e n t i a l l y  d e c r e a s i n g  as r '  +- a long  any v '  ; s i m i l a r l y  t h e  
/rr 

&-dependent p a r t s  of Yi(B + i e )  [ e . g . ,  t h e  t r u l y  three-body p a r t  

@ i 
t(+) (E + i r )  whose l i m i t  a s  E +- 0 i s  Oit(+)] w i l l  t end  t o  b e  

e x p o n e n t i a l l y  d e c r e a s i n g  a t  l a r g e  r ' .  Cor responding ly ,  t h e  i n t e g r a l  

on t h e  l e f t  s i d e  of (A25a) s h o u l d  converge f o r  E > 9 even when 

G i 9  Yi i n  (A24b) a r e  r e p l a c e d  by t h e i r  a b s o l u t e  v a l u e s .  I n  (A24a), 

on t h e  o t h e r  hand ,  t h e  f u n c t i o n s  G i 
(') and Yi (" are n o t  e x p o n e n t i a l l y  



decreasing a t  i n f i n i t e  r t  , b u t  = re ly  rapid ly  osc i&la t ing .  I n  f a c t ,  

along d i rec t ions  y' = ' where Vi(gV) i s  not smal l ,  the f a c t o r  r ' 
8 

a c t u a l l y  causes the  absolute  magnitude of the  i n t e g r m d  in (A24a) t o  

inc rease  a s  r' +- w ,  u s e c t i o n  A.7 has m d e  very c l e a r ;  c e r t a i n l y  the  

('I ('I i n  (A24a) r i g h t  s i d e  of (A25a) would n o t  converge i f  Gi , Yi 

('I ('I havc t h e i r  were replaced by t h e i r  absolute values.  Wan % , Yi 

a c t u a l  va lues ,  the  r i g h t  s i d e  of (A25a) converges only because the  

aforementioned o s c i l l a t i o n s  of G~(')'Y~(+', whm %ntegr&Led ovar e- ~ m g c  

of ds '  i n  t h e  v i c i n i t y  of &' = P~~ ' , br ing  down enough p m e r s  of r' t o  

make Y (')(kl) i n t eg rab le  a t  i n f i n i t e  r' d e s p i t e  the  diverging f a c t o r  

I n  o t h e r  words, I am claiming: ( i )  the  convergence of (A24b) i n  

some smal l  range 0 < E - < E can be taken f o r  granted;  and (12) m 

although except ional ly  cancel l ing  o s c i l l a t i n g  mathematical funct ions  

doubtleee em b e  c o n s t e e t a d ,  i n  s o a t t a r i n g  thaorg me expeetea &at 

f o r  0 < E - < E~ and s u f f i c i e n t l y  l a r g e  L the  (exponentSally decreasing 

with increas ing L) cont r ibut ion  t o  t h e  l e f t  s i d e  of (A25a) from 

r' > L increases  as E + 0 ,  bu t  does not  exceed t h e  corresponding 

, contr ibut ion  t o  t h e  r i g h t  s i d e  of (A25a). O r  s i n c e  l a r g e  L corresponds 
in - 

t o  1 rl i n  Eqs. (lh56), the &om clah ( i i )  rrrrraep tlrrt f o r  

s u f f i c i e n t l y  small n it  should be  poss ib le  t o  f i n d  an Lo(n) i n  

(M6))which for 0 < E - < E exceeds the  (presumably increas ing m 

with  decreasing E )  max required L~ (0) i n  (U6e) . But t h i s  

last aepsertion is  j u s t  another way of saying t h a t  (A27) holds. 

Note that i n  t h e  set  of i n t e g r a l s  i n  (Aaaa), whack is  no t  uniformly 

coavergent,  t he  eos t r ibu t ion  Eroa x > & s t i l l  inc reases  ae E * 0 
f o r  f ixed L, but t h a t  t h i s  con t r ibu t ion  n m  ealwclgs exceeds &he 

corresponding contr ibut ion  ( a m e l y ,  zero) t o  the  h t e g r a P  (U8d) .  

b a r e s u l t  i t  i c a  n o t  p e ~ s r i b l e  



t o  a s s e r t  t h a t  Lo(q) can provide an upper bound t o  LE (11) ; i n  f a c t ,  

as(~29e) shows, L ) is  no t  hounded i n  0 < E 5 E ~ .  
E 

Althougl~ t h e  d i scuss ion  i n  t h i s  s e c t i o n  thus  f a r  has  r e f e r r e d  

s p e c i f i c a l l y  t o  t he  i n t e g r a l s  ( A 2 4 )  , which correspond t o  the  lrnown-- 

to-converge i n t e g r a l  i n  ( f r 2 ) ,  i t  is  evident  t h a t  the same d i scuss ion  

p e r t a i n s  t o  any i n t e g r a l  [ e . g . ,  E q .  (65b) ,  examined i n  s e c t i o n  A . 2 1  

i nvo lv ing  Green's func t ions ,  p o t e n t i a l s  and wave func t ions  a t  r e a l  

ene rg i e s .  If t h i s  i n t e g r a l  converges,  then t h e  s e t  of i n t e g r a l s  

ob ta ined  by r ep lac ing  ( E )  by G(E + i ~ ) ,  e t c . ,  should be uniformly 

convergent i n  a domain 0 < E 5 E because f o r  s u f f i c i e n t l y  sma l l  m ' 
TI t h e  q u a n t i t y  L (q) [known t o  e x i s t  because i t  has been pos tu l a t ed  

0 

t h a t  t he  i n t e g r a l  i s  convergent a t  r e a l  e n e r g l e s ]  w i l l  p rovide  an 

upper bound t o  t h e  maximum requi red  LE(n) .  Actua l ly ,  t h e  foregoing  

d i scuss ion  sugges t s  t h a t  t h e  domain of uniform convergence should  

extend over a l l  9 < E .  A s  E + i~ moves s u f f i c i e n t l y  f a r  i n t o  the  

complex p l ane ,  however, Y.  (E + i ~ ) ,  z ( C  + i ~ ) ,  e t c . ,  can develop 
1 

s i n g u l a r i t i e s  which w i l l  nega te  some of the  a s s e r t i o n s  v ~ h i c ~  have 

been made. Thus i t  is  more accu ra t e  t o  assume merely t h a t ,  f o r  each 

E a t  ~,rhich the r i g h t  s i d e  of (A25a) converges,  t h e r e  w i l l  b e  an 

E > O such t h a t  the i n t e g r a l s  on the  l e f t  s i d e  of (A25a) converge 
m 

uniformly i n  0 < E - < E where now the  in t eg rands  i n  ( A ? 4 )  correspond 
m ' 

t o  any convergent real-energy i n t e g r a l  [ e .  8. , (65b) 1. I n  any even t ,  

t h e  e x i s t e n c e  of such a domain O < E - < E of uniform convergence 
m 

i s  a l l  t 5 a t  i s  requi red  f o r  t he  purposes of t l l iz s e c t i o n .  

I noor go on t o  shov? t h a t  unifolg- convergence, E q .  ( P . 2 7 ) ,  -ill 

guarantee  (h25a) ,  i ,e,, w i l l  guarantee t h ~  v t a l id i ty  of interct-ranpc 

of o rde r  of i n t e g r a t i o r  and limit c + 0 i n  (A25a) [ ~ n b ,  t l l e r e fo re ,  



i n  t h c  o r i g i n a l  s c a t t e r i n ?  t h e o r y  r e l a t i o n  t o  rr\ic'l (425a) corresponds!,  

~ r n v i d e d  of course t h a t  the  l i m i t  (A25b) e x i s t s  and the  r i g h t  s i d e  

of (A25a) converges.  The proof i s  given h e r e  f o r  completeness,  

beenusc i t  i s  fundamental t o  t h ~  approach of th f s  paper ,  and because 

I have found fE d i f f i c u l t  t o  l o c a t e  a re.ference \ , ~ l ~ i c h  i s  readabl.e, 

r e a d i l y  a c c e s s i b l e  and  holly p e r t i n e n t .  

To prove (A25a) I must s h o ~ . ~  tha t - -g jven  any n > 0-1 can f i n d  1 

an E (n ) such t h a t  [now dropp3.n~ t h e  a~,ll:~~ard and unnecessary 
1 1  

v a r i a b l e s  2 ,Z] 

I n  (A30) one must keep i n  mind t h e  d e f i n i t i o n s  of t h e  i n f i n i t e  

i n t e g r a l s  t h e r e i n ,  as expla ined  follo;.ring Cq .  (A26a). Thus one 

cannot immediately w r i t e  

- v i~oWeVer, one can write 



I n  t he  l a s t  b racke t  i n  (h31 'u)  i t  i s  l e g i t i m a t e  t o  w r i t e  

PIoreover, Lecause t h e  l i m i t  (A25b) i s  pos tu l a t ed  t o  e x i s t ,  i t  

f o l l m i s  that--given any ri2 > 0--there e x i s t s  an ~ ~ ( 9 )  such t h a t  

::ow clioose q i n  (A2Gb) equa l  t o  q l /G ,  idlere n l  i s  t h e  ass igned  va lue  

on the  r i g h t  s i d e  of ( A 3 0 ) .  Then, f o r  t he  f i r s t  b racke t  on the  r i g h t  

s i d e  of (A31b), 

S i m i l a r l y ,  choose rl i n  (A27) equal  t o  11~/(1.  Then, f o r  the  second 

b racke t  on t h e  r i g h t  s i d e  of ( ~ 3 l b )  , 

:Text l e t  L, which was n o t  s p e c i f i e d  i n  (A31b), b e  f i x e d  a t  some 

va lue  c o n s i s t e n t  wit11 bo th  (A33a) and (A33b), i , e .  , L i s  f ixed  a t  

some va lue  exceeding t h e  l a r g e r  of L (n /GI and L (q / 6 ) ,  Thc 
o I m l 

ir :portant  p o i n t  i s  t h a t ,  Lccause 0% the pos tu la ted .  u n i f o m ~  convergence, 

Eqs. (b.33a) and (A33b) can be  sii i lultaneously s a t i s f i e d  by app ropr i a t e  

c l ~ o i c e  of an L (rll/S) independent of E . F i n a l l y ,  i n  (h32b) , choose 



Q ,  = nl /hL ,  rmere L E L(n1/6). Since L i s  a f i ~ i i t e  (thougli poss ib ly  - 
very l a rge )  n u d e r  independent of c ,  t h i s  choice of rl 2 i s  1egikimate,  

Then, f o r  t h e  t h i r d  b racke t  i n  (A31b),  us ing  (h32a) ,  

Hence, i f  E < E (n / 6 L ) ,  E q s .  (A31b) and t h e  t h r e e  i n e q u a l i t i e s  (A331 2 1 

imply 

Eq .  (A34) demonstrates t h a t  t h e  d e s i r e d  i n e q u a l i t y  (A30) w i l l  h o l d ,  

provided E (ri ) i n  (A30) i s  c l~osen  2 E ~ ( ~ ~ / G L ) .  
1 1  

I n  previous  pub l i ca t ions  (2'16) i t  was found t h a t  t he  vanish ing  of a  

s u r f a c e  i n t e g r a l  a t  inf in i ty- -of  t h e  t y p e  (44b)  o r  (66) - - typ ica l ly  i s  the  

cond i t i on  f o r  t he  v a l i d i t y  ( a t  r e a l  e n e r g i e s  E) of i d e n t i t i e s  ob ta ined  

v i a  the ope ra to r  manipulat ions ( a t  complex e n e r g i e s  E + i & )  comonly  

employed i n  s c a t t e r i n g  theory'33'. I n  p r a c t i c e  one s e e s  that u s e  of 

t h e s e  ope ra to r  mmipu la t ions  a t  r e a l  ene rg i e s  tz = 0 almost i n v a r i a b l y  

involves  t h e  i m p l i c i t  assumption t h a t  in te rchange  of o rde r  of i n t e g r a t i o n  



m d  l i m i t  E +- 0 i s  p e m i s s i b l e .  Reca l l ing  s e c t i o n  A.8  and the  d i scuss ion  

fol lowfng Eqs, (52 ) ,  it fo l lows  t h a t  i n  con f igu ra t ion  space  s c a t t e r i n g  

t h e o q  the  aforementioned s u r f a c e  i n t e g r a l  a t  i n f i n i t y  should vanish 

whenever the  corresponding ( v o l u m )  integral--wherein in t e rchange  of 

o r d e r  of i n t e g r a t i o n  and limit E -+ 0 is  be ing  questioned--convergeg at 

E = Q; otherwise  the  r e s u l t s  of t h e  p re sen t  p u b l i c a t i o n  and previous  

work (2  ' I6 )  might be i n c o n s i s t e n t .  

It is awkward t o  a t tempt  a gene ra l  proof t h a t  convergence of t h e  

volume i n t e g r a l  a t  E = 0 indeed i s  a s s o c i a t e d  w i t h  vanish ing  of t h e  

s u r f a c e  i n t e g r a l  examined p rev ious ly .  I have examined a number of 

oases ,  however, and--when t h e  s u r f a c e  i n t e g r a l  can be  eva lua ted  at all-- 

i n v a r i a b l y  have found t h a t  t h i s  p o s t u l a t e d  a s s o c i a t i o n  indeed occurs .  

I n  o t h e r  words, i t  g r a t i f y i n g l y  appears  t o  be t r u e  t h a t  t h e  p re sen t  and 

previous  work a r e  no t  i ncons i s t en t - - a t  l e a s t  i n s o f a r  a s  t h e  l eg i t imacy  

of in te rchange  of o r d e r  of i n t e g r a t i o n  and l i m i t  E +- 0 i s  concerned. 

The fo l lowing  two subsec t ions  (of t h i s  p re sen t  s e c t i o n  A . 9 )  d i s c u s s  a 

few s imple  i l l u s t r a t i v e  examples of t h i s  (perhaps s u r p r i s i  ng) a s s s c i  a t i o n ,  

w i th  t h e  i n t e n t  of making i t s  e x i s t e n c e  more b e l i e v a b l e .  I s t r e s s  t h a t  

more complicated examples are n o t  d i f f i c u l t  t o  f i n d ,  s t a r t i n g  from 

va r ious  p rev ious ly  demonstrated (2  16)  i d e n t i t i e s  involv ing  s u r f a c e  

i n t e g r a l s  a t  i n f i n i t y .  

A.9.1 V a l i d i t y  of Eqs. (44) 

d i a t e  i l l u s t r a t i o n  of t h e  p o s t u l a t e d  a s s o c i a t i o n  is  

provided by comparison of Eqs. (44) and (SO), where t h e  i n c i d e n t  wave 

$ of Eq. (9) naw need not  be  a p l ane  wave, i .e. , where the  a s s o c i a t e d  

  re en's f u n c t i o n  Gi of Eqs.  (10) nar i s  not  n e c e s s a r i l y  i den t i ca l  w i t h  

t h e  f r e e  space  G Aecord%ng t o  s e c t i o n s  2 .2  iarad A , 8 ,  r eca l l ing  
Po 

(+) 
e s p e c i a l l y  t h e  d i scuss ion  of Eqs. (511, mi (9 from (44s) is idenrical  



with  the  "true" Qi("(r) -+ defined by E q s .  (8) and ( I la)  whenever t h e  

i a t e g r a l  (44a )  converges, On t h e  o the r  hand, i f  as is always presumed (17) 

yi 
(') defined by Eq. (8a) s a t i s f i e s  the  or ig ina l  Sclarodinger equation 

(71, am (I6) d i r e c t l y  from E q s  . (7)  , (9) and (27d) , the "true" 

s c a t t e r e d  p a r t  Qi ('I of ~ q .   la) satisfies 

where the  Pas t  term i n  (A35) is  t h e  su r face  i n t e g r a l  defined by E q .  (44b), 

b u t  in teg ra ted  he re  over the  sphere a t  i n f i n i t y  i n  - re-space.  Eq.  (A35) 

impl ies ,  as s t a t e d  i n  the  t e x t ,  t h a t  E q ,  (44a)  holds only when Eq, (44b)  

holds ,  m d  v i c e  ve r sa ,  However, the  preceding remarks i n  t h i s  paragraph 

now f u r t h e r  imply t h a t  f o r  consistency E q  ( 4 4 b )  must hold, i . e .  , -4 
i n  (A351 must v m i s h ,  %ihenever the  iategral  (44a)--which i s  a l s o  the  

velum i n t e g r a l  i n  (A35)--converges, Of course--as already remarked i n  

s e c t i o n  2.2 [preceding E q s .  ( 4 9 )  ]--when the i n t e g r a l  i n  (A351 does not  

conmrge,  E q .  (A35) is  no t  r e a l l y  memingful ,  and t h e  mmipulae isns  

leading t o  (A35) cannot have been maghematically acceptable,  

The preceding paragraph has  explained the  necess i ty  of the  a s o c 1 a t i o n ~ -  

i n  this case between the convergence of G " ) v ~ ) ~  and the  vanishing of 

4 ((G") ,@i'cl)--poseulatad i n  the  opening paragraphs of the  p resen t  

s e c t i o n  A . 9 ,  To s p e c i f i s a l l y  demonstrate the  a s s c i a t i o n ,  hmever, i,e,, 

t o  demonstrate the  des i red  consistency,  one would l i k e  t o  a c t u a l l y  

evaluate$ i n  (A35) ,  so as t o  ver i fy  t h a t  i t  r e a l l y  does v m i s h  when the  

i n t e g r a l  i n  (A351 converges, For the  th ree -par t i c l e  system on which 

t h i s  gub%bcation is concentrat ing,  t h i s  des i r ed  ver i f ica t ion  is readi ly  

a c c s q l i s h a d  when the  c o l l i s i o n  i s  two-body , a, e ,g ,  , i n  E q ,  (17b) , In 
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o the r  words, l e t  me eoneider  the  case t h a t  p a r t i c l e  1 is  insiden$ on an 

i n i t i a l l y  bound s t a t e  of 2 and 3. m e n ,  ins tead  of Eqs, (33b) and (2lb)  

r e spec t ive ly ,  

where [although the  precaution r e a l l y  is  n o t  necessary]  t o  avoid any 

poss ibd l i ty  of evident ly  i r r e l e v a n t  divergences a s soc ia ted  with t h e  

usual  t o t a l  momntum conserving e izes  f a c t o r s  i n  )i and @ ( )  I s h a l l  i 

consider  the  cen te r  of mass frame vers ion  of (A35). With Eqs. (A36) 

holding,  the  vo lum i n t e g r a l  i n  [ t h e  c e n t e r  of mass frame ve r s ion  o f ]  

(A35) s u r e l y  converges, a s  explained i n  connection with Eq. (115b), 

Correspondingly, with the  inc iden t  wave (A36a) t h e  su r face  i n t e g r a l  

- 
$ (B(+) , T ~ ( + ) )  su re ly  vanishes because i n  t h e  l i m i t  + - I I any -f v -- 

- - 
even d i r e c t i o n s  if - 2aB keeping r  finite--^^(+) (;) behaves l i k e  

a 8 4-4 

8(+) (-;i1) , i . e., because, a s  is physica l ly  obvious anyway, the  c e n t e r  

of mass frame two-body s c a t t e r e d  p a r t  zi(+)@) "ally is everywhere 

outgoing. A formal proof of t h i s  a s se r t ed  outgoing pmper ty  of 5 (') (i) i 

can be given along the  l i n e s  of s e c t i o n  C . 4  below; one read i ly  s e e s  t h a t  

wi th  Eqs. (A36) the  con t r ibu t ion  t o  E ( ' ) v ~ $ ~  of (A351 from the  region 

- 
r t  H P i s  u t t e r l y  n e g l i g i b l e  compared t o  the  con t r ibu t ion  from the 

- - 
region ;" , implying t h a t  the o rde r  of f n t e g r a t i o n  and lidt -+ I 1 
l eg i t ima te ly  can be  interchanged i n  the  present 5 ( = - E(+lv 5 

i - d d. 

of E q *  (i i35j.  



For three-body c o l l i s i o n s  of p a r t i c l e s  1, 2 ,  3,  where $ and Vi in 
i 

(A35) a r e  given by Eqs. (2143) a d  (21b) r e spec t ive ly ,  the  des i red  v e r i f i c a t i o n  

is more d i f f i c u l t  t o  achieve. Retailing s e c t i o n s  A,4 - A , 5 ,  w e  need 

e x m i n e  only t h e  s i t u a t i o n  t h a t  %wo-body and three-body bound s t a t e s  do 

no t  occur; otherwise the  i n t e g r a l  i n  (A35) does n o t  converge. Unfortunately,  

(+> even when no bound s t a t e s  occur,  t h e  s u r f a c e  in tegra l$  (G ,ai(')) n m  

is n o t  e a s i l y  evaluated ,  because the  asymptotic behavior of Oi (+) now 

is s o  complicated, a s  has been discussed throughout the'body of t h e  

text ,  Indeed, even i n  the c e n t e r  of mass frame with bound s t a t e s  absemt, 

(+I i t  i s  not  immediately obvious t h a t  the  s u r f a c e  i n t e g r a 1 4 ( 6  ,mi(+)) has 

been meaningfully def ined,  although i t  i s  evident  from the  d e r i v a t i o n  (16) 

of (A35) t h a t  i f  the i n t e g r a l  G ( + ) v ~ $ ~  t r u l y  converges, then the s u r f a c e  

i n t e g r a l  (44b) must approach a l i m i t  as the  radius  of the  s p h e r i c a l  

s u r f a c e  i n  z-space approaches i n f i n i t y .  

For $i of (21a) , t he re fo re ,  I am no t  a b l e  t o  s p e c i f i c a l l y  demonstrate 

the  necessary assoc ia t ion  between the  convergence of G(+)v $ and t h e  
i i 

vanishing of 4(G(+)  ,ai(+)) i n  ( ~ 3 5 )  , when bound s t a t e s  do n o t  occur. On 

the  o the r  hand, I have no reason t o  doubQ the  f a c t  t h a t  Eq, (44b) holds 

i n  t h e  case of p resen t  i n t e r e s t ,  namely, no bound s t a t e s  and Jli given by 

(21a) . In  f a c t ,  various manipulations [some of which resemble those  i n  

subsect ion  A.9.2 below] i n d i c a t e  t h a t  a whole hos t  of improbable 

(+I @ (+I) incons i s t enc ies  could be  proved i f - - s t i l l  with $i of (2 la )  -4 (G , 
f a i l e d  t o  vanish when G ( ' ) v ~ $ ~  converges. 

Let  Jli be  s p e c i f i e d  a s  a t  the  beginning of the ,p rev ious  subsect ion ,  

nslanely m a s o l u t i o n  t o  E q .  ( 9 ) ,  b u t  n o t  necessa r i ly  a p%me wave. 

S i m i l a r l y ,  if dE)  so lves  



where Hf need n o t  be i d e n t i c a l  wi th  Hi.  L e t  Yf(E + i ~ )  be the s o l u t i o n  

to t he  Lippmmn-Schwinger i n t e g r a l  equat ion  corresponding t o  t h e  f n e i d e n t  

IYf(E). Then, comparing wi th  Eqs. (8b) and (49b) ,  

imp l i e s  

Eq. (A38b) can b e  r e w r i t t e n  i n  t h e  form 

which permi ts  t he  i n f e r e n c e  t h a t  Yf a l s o  s a t i s f i e s  t he  l l t e r n a f i v e  [ t o  

(A38a) 1 i n t e g r a l  equat ion  

Taking t h e  l i m i t  of (A39b) as E + 0, w e  have 

Consider first t h e  last tern i n  (840).  Refer r ing  t o  sect lows A , 4  - A,7, 

one sees that--for  t h r e e - p a r t i c l e  cs%lis%ons  of present  in teres t ,  at any 

rate-- the i n t e g r a l  G ( " (E)v~Y~") (E)  always converges, whether o r  ncc  ghe i i 

and f channeds a r e  bdBnhl0llqli. &. , .vhrfhabearl:noc F$ ' , L a s ~ p e a h a ,  t h e  



reasm f o r  t h i s  convergence is that--by v i r t ue  of the  way %he q u a n t i t i e s  

W end V are defined--GiCC' (6;5') cannot propagate i n  bound s t a t e s  d o n g  
i i 

d i r e c t i o n s  v '  wherein V (r') can remain f i n i t e  as 5' + 1 1  v ' .  For 
ed i /.. ,- 

instance,  if $ . ( E j  i s  identical w i t h  $ o f  (2ia1, Gi 1 - (+I which 
9h 

= Gp 

never propagates  i n  bound s ta tes ,  s o  t h a t  the arwmwts i n  secefon A , 7  

can be teken over d i r e c t l y  t o  show G ("Y Y ca~iverges, whatever channel P P f  

6 way represent, %i&%ar$y, if i represents %he channel with 2, 3 

initidly bound, as in E q s ,  ( U 6 ) ,  then 

converges by the s a w  arguments of sect ion A. 7 $aaaw~,-e,g,, i n  ehe VI2 

tern of ( A 4 1 ) ,  the only poss ib%%i ty  of divergence i s  along d i r e c t i o n s  

212 wherein r ' remains f i n i t e  ; along Y~~ ' . GZ3 . C -12 r ; r t )  heha~es~lkke 

e'(E;r'), i.e., t h e  V12 tern i n  (A411 behaves essen t ia l ly  l i k e  the 

in tegra l  (A171 previously shown t o  be convergent, It foI$owe, according 

to sec t ion  A.8 ,  t h a t  the l a s t  .tern i n  (A401 always ean be  replaced by 

Nexe cons ider  the f i r s t  tern ow t h e  r i g h t  s i d e  s f  E q .  4A40). If 

lirn1.O (E + ~ E ) $ ~ ( E )  as E + O ex i s t s ,  then 
i 



converges , then  

I n  t h e  t h r e e - p a r t i c l e  c m e  of p r e s e n t  i n t e r e s t ,  t h e  r i g h t  s i d e  of (442b) 

converges whenever f  r e p r e s e n t s  a channel which d i f f e r s  from i s  provided 

f i s  n o t  merely a  d i s s o c i a t i o n  of i. For i n s f m c e ,  i f  Gi(E) is  i d e n t i c a l  

w i t h  $ of ( 2 l a ) ,  then  f  i means ilf(E) must be p ropor t iona l  t o  a bowtd 

state,  e . g . ,  t o  u ( r  ) ; i n  t h i s  event  GI(C '$f (~)  behaves l i k e  
j 54.2 

(') (E )V  ( r  ) $ (E) , which behaves l i k e  the  i n t e g r a l  ( ~ 1 7 )  . p r ev ious ly  
12 -12 i 

shown t o  be convergent.  On t h e  o t h e r  hand, i f  $ J ~ ( E )  = qi(E) = $i of  (21a) 

t he  i n t eg rand  of Gi("$f GF("$i confa ins  no r a p i d l y  decreas ing  f a c t o r ,  

and d iverges .  A s  a second e x m p l e ,  i f  $ r ep re sen t s  the  channel  t h e r e i n  
i 

2 ,  3 a r e  bouGd, whi le  $ r e p r e s e n t s  t h e  c h m n e l  wherein 1, 2 a r e  b o m d ,  
f 

GI(') (E) $f(E) obviously converges,  because G '+) r ; r l )  can'  t propagate  i ' n  r 

i n  bound s t a t e s  a s  s -+ a long  d i r e c t i o n s  xI2 keeping r f i n i t e .  On t h e  
.P *l2 

o t h e r  h a d ,  i f  $f = lyi = t h e  ( l abo ra to ry  frame ve r s ion  of the)  wave f u n c t i o n  

(') (A36a),  then  Gi IYf = Gi $ behaves l i k e  the  i n t e g r a l  (A13a) p rev ious ly  
i 

t o  be d i v e r g e n t ;  no r  i s  the  divergence removed by going t o  t h e  

c e n t e r  of mass frame ['compere s e c t i o n s  A . 4  and ~ i . 6  1. S i m i l a r l y ,  i f  $i 

cont inues  t o  b e  g iven  by (A36a), b u t  E > 0 s o  that one can choose $ (E)  f  

t o  be  a f r e e  t h r e e - p a r t i c l e  wave (2la)-- in  o t h e r  words, i f  t h e  f  c h m n e l  

e m  r e p r e s e n t  a d i s s o c i a t i o n  (without  any recombination) of t h e  p a r t i c l e s  

2 ,  3 bound i n  t h e  i chmnel-- then 6 
i 

(")f again  behaves l i k e  (AL3a) and 

d ive rges ,  i n  t h e  l a b o r a t o w  o r  canter of mass frames, That t h e  l i m i t  

( A 4 2 b )  cannot e x i s t  when f = i a l s o  can be  seen as EoPIows, From E q ,  ( 9 1 ,  



i q l y i n g ,  f o r  every E > 0 

jL ( E )  z - 6, [ E  t it) )li;(~) 
L L 

which i n  tu rn  implies 

The preceding two paragraphs imply that--in th ree -pa r t i c l e  systems 

a t  leas t - - i f  the genera l  argument of s e c t i o n  A.8 i s  c o r r e c t  then: ( i )  

when f $ i and is n o t  merely a d i s s o c i a t i o n  of i, ci(+) (E) +f (E) cbnwerges 

and 

( i i )  when f = i, G ~ ( + ) ( E ) + ~ ( E )  d iverges  and 

Now d i r e c t l y  from Eqs. (9 )  and the  r e a l  energy vers ion  of ( lob) [much a s  

i n  the  de r iva t ion  of (A35) 1 one obta ins  (16) 

Thus t o  be s u r e  Eqs. (6144) are c o n s i s t e n t ,  1 must be able t o  shox~: (%) 

when f j/i and is  no t  merely a d i s s o c i a t i o n  of i, 



( i i )  when f = i 

Let  me v e r i f y  Eqs. (A45) i n  t h e - t h z e e - p a r t t c l e  c i r c u m t m c e s  considered 

i n  t h e  penul t imate  paragraph. I f  the  f e h m n e l  i s  one i n  which p a r t i c l e s  

1, 2 are bound i n  u ( r  ) ,  then [ a s  e q l l a i n e d  in s u b s e c t i s n  8.9.11 
j ..la 

s u r e l y  i s  e v e r p h e r e  outgoing i n  t h e  c e n t e r  of mass frame M m  suppose 

qi is given by ( 2 l a ) .  I n  t h i s  event  t h e  l e f t  s i d e  of (A45a) becomes 

Again as expla ined  i n  subsec t ion  A.9,1, t h e  l a s t  t e r m  i n  (A46a) as su red ly  

van i shes ,  i n  the esndter~nofsmaas Q r m e < - % t  any rate, Maeagvbr.4 beeaguae G (+I 
F 

cannot  propagate  i n  bound states, i t  can b e  seen  t h a t  t h e  s u r f a c e  i n t e g r a l  

Therefore  (A45a) indeed h c l d s  when i denotes  t h e  c k m n e l  i n  which a l l  t h r e e  

. p a r t i  c l e s  a r e  unbound m d  f r e e l y  propagat ing.  S i d l a r l y  , because G (+) 
2 3 

cannot propagate i n  bound states omer than ~ ~ ( f ~ ~ )  one sees t h a t  ( ~ 4 5 a )  

a l s o  holds  when, e , g . ,  $,  is given by E q s ,  (A361 and Ikf i s  as chosen In- the  
1 

aecsnd sentence o f  t h i s  paragraph. As fo r  E q ,  (A45b), it i s  diffrculf to 



v e r i f y  d i r e c t l y  when $ i s  given by (21a) [once m o r e  f o r  reasons  
i 

discussed  i n  subsec t ion  A,9. l 1 al though t h e r e  is  no reason t o  doubt i t s  

v a l i d i t y ,  men bi i s  g iven  by (A36)? however, E q .  (A45b) reduces t o  

('I] now s u r e l y  vanishes  s i n c e  because [ s e e  subsec t ion  ~ . 9 . l ]  4 [ G ~  ,ai 

@i 
(+) now s u r e l y  is Outgoing--in t h e  c e n t e r  of mass frame a t  any r a t e .  

With $ of (A36), Eq. (A46c) c m  b e  confirmed by d i r e c t  c a l c u l a t i o n ,  most 
i 

e a s i l y  (though n o t  n e c e s s a r i l y )  i n  t he  c e n t e r  of mass frame. O f  cou r se ,  

when the  c o l l i s i o n  i s  two-body, a s  wi th  the  i n c i d e n t  wave (A36a) , t h e  

v a l i d i t y  of t h e  r e a l  energy Lippmam-Schwinger equa t ion  (42) h a r d l y  can 

be chal lenged,  i n  which even t  (A45b) can be  i n f e r r e d  from Eqs. (42) and 

(A44c) wi thout  any r e f e r e n c e  t o  Eqs. (A40) and (A43c). 

The above p ~ r a g r a p h  has  achieved ou r  o r i g i n a l  purpose i n  t h i s  subsec t ion ,  

namely t o  i l l u s t r a t e  t h e  pos tu l a t ed  a s s o c i a t i o n  between t h e  convergence 

of a ( v o l u w )  i n t e g r a l  a t  real E  and t h e  v m i s h i n g  of a r e l a t e d  s u r f a c e  

i n t e g r a l  a t  i n f i n i t y .  However, i t  a l s o  has been shorn t h a t  when 

circumstances are such t h a t  bo th  Eqs, (A44a) and (A44b) can ho ld  f o r  

s p e c i f i e d  qi, Eq. (A44b) [ i  .e  . , Eq. (42) 1 does n o t  have a unique s o l u t i o n ,  

s i n c e  i f  Yf (+) and Yi e a t i s f y  Eqs . (A44a) and (A44b) r e s p e c t i v e l y ,  

a l s o  s a t i s f i e s  E q ,  (A44b). In  p a r t i c u l a r ,  t h e r e f o r e  [ a s  a s s e r t e d  i n  

sect$on 2,2 1, E q ,  (4%) does n o t  have a unique s o l u t i o n  when + ( E )  1s 
i 

given by (2lm) a d  when at l e a s t  one rearrangement c k a n e l  of ai e d s t s ,  

i - e ; ,  wher? hound states ( r - - ) -  u [r. -1 o r  u (r--) ex iae  and can b e  
I j r v l b Z e v  j - 2 3  j -2- 3dbr 

reached v i a  recowbinat ion r e a c t i o n s  l i k e  ( l 7 a )  . 



I conclude  is subsect ion with the  remark t h a t  the cus t smaq  

i p u l a t i m s  y i e l d  

which seems t o  imply: ( i )  whenever f  $ i, s o  t h a t  Vf f Vi, the f i r s t  

term on the  r i g h t  s i d e  of (A40) vanishes,  i. e. , Eq. (A42a) holds ; ( i i )  

whenever f  = i, Ep. (A43c) holds, I do n o t  quest ion the  conclusion ( i i )  

d i a t e l y  above, namely t h a t  when f  = i, Eq. (A43c) q u i t e  genera l ly  

holds.  A s  explained e a r l i e r  i n  t h i s  subsection,  howeroer, t h e  co&clusion 

( i )  immediately above is quest ionable when f  i s  merely a d i s s o c i a t i o n  of 

i, and a s  a matter  of f a c t  one can show tha t  i n  t h i s  circumatance t h e  

f i r s t  term on the  r i g h t  s i d e  of (A40) need not  vanish. More s p e c i f i c a l l y ,  

choose Oi a s  i n  Eq . (A36a) , and l e t  the  f channel represent  f r e e  

propagation under no forces .  Suppose a l s o  t h a t  E > 0 [ o t h e w i s e  llf(E) 

i s n ' t  even defined,  and Eq. (A48) as w e l l  a s  (A42a) a r e  e s s e n t i a l l y  

meaningless 1, and suppose V12 = Vgl - 0 ,  i. e . , suppose the  t o t a l  

Hanil tonian H i s  i d e n t i c a l  with H23 of Eq. (56b). Then i n  (A40): 

Vi = 0;  Gi = GZ3; and Yf (+) i s  i d e n t i c a l  with Ys3 (+) defined by the 2 ,  3 

analogues of Eqs. (58a) and (72) [ r e c a l l  the  present  def in ing equation 

(A38a) f o r  yf 1. Theref ore ,  i n  t h e  c i r c u a ~ c a a c e s s f u s t  descrSbed, - Eq.  (A401 

implies 
9 



In  o ther  words,  %a the  present e i reuwtances  the  f i rs t  term sn the  rI&t 

s f d e  of (A401 does no t  vanish, T h i s  r e s u l t  (A4Q)  demonstrates the poss ib le  

dmgers of unc r i t i c a l  r s l i a ~ c e  on operator ma~aipulatr%oxns suska as empXsyed 

f n  ( A 4 8 ) ,  

A ,  16 _ Alternat ive  Derivation o ------- 

The der iva t ion  of Eq .  (175b1, and %he d iscussfon  i n  sec t ion  5.1, 

m&e I t  clear tha t  the function P,, de f ined  bv Ea,  (201b' 

where f o r  s i ~ q l i e i t y  E have dropped the  here mwecesaau s u b s c r i p t s  1, 2 

m d  i ,  Let 

b e  the  continuum solutBon t o  the  Sshssd inger  equation i n  the  center of 

m a s s  frarne of part icles  I and 2 ,  sontafniag the scattered w a v e  $'*I of 

( G O )  wkm the fntsbactian J a  V (r ) 7(;) a d  t h e  i n c i d e n t  wave is 12 '-12 

given by ( 7 4 a ) .  Suppose the  s h o r t  range p o t e n t i a l  V ( r )  can be  considered * 

negl%p%ble f o r  r 4 a ,  i , e , ,  guppose i n  effect V(2)  = O f a r  r a a, L e t  

me furt"sar msme thas. VC;) i s  spher ica l ly  symmtr fc ;  t h i s  asempticrn does 

n o t  s f ~ i % i c a n $ E g  detract from the  objective o f  th%s sect ion,  which is t o  

confirm the  vaELdieg of (204b) via  an a r g ~ ~ m n t  not  emplsygng Interchmge 

s f  order o f  integration and 11nit E -+ O k ,  as in E q s ,  Q 2 Q 3 j e  

With the  above a s s u ~ ~ ~ . p $ i s n s  we know '"behat 



w h e ~ e  P ($5) i s  the  Legendre polgmom_ial i n  the  angle beeween 5 and &, E klZi R 
(34) * of (201b); the  -jQ and wQ axe the usua l  s p h e r i c a l  Bessel funct ions  

a d  the  numrical c o e f f i c i e n t s  EQ a r e  given i n  t e r n  s f  the  phase s h i f t s  

6g, by 

The second i n t e g r a l  i n  ( f i b )  is  evaluated as  f o k l w s ,  Using the 

elepmsion 05 e i n  s p h e r i c a l  hemonics  ( 4 0 )  [%rhich i s  quoted i n  Eq. (E3l) 

b e l m ]  , Eqs. ( G l )  - (A521 can be  r e w r i t t e n  i n  the  f s m  

where 



Substituting (A55a) into (k154) ,  and again employing t h e  evansion (E3L) 

- f A e r  
[which is written out ewlf citly for e - &' in Eq.  ( ~ 4 5 )  below] yields 

Next use the formula (41) 

where fl(kr) is any linear corobination of jL(kr) and nL(kr) with 

coefficients independent of R or kr, and where it is understood that 

Then in (A56) 



f l  (h&)--AjQ-? 'i) fl$&)! + c h  [h,,(~") ,, 
A -AL 

where Q,(R) denotes the R-dependent terms enclosed wi th in  t h e  braces i n  

(A58a), and WQ (independent of R) denotes the  remaining t e r n  i n  (A58a). 

The terms i n  (A50) involving the  tPltrix elements of 5 are t r i v i a l l y  

integrable. Thus, employing (A54), (A56) and (A58), the  f o r m l a  ( S O )  



In (A58) it can be seen that 

plus tern of o r d e r  1 / W ,  n e g l i g i b l e  as W -+ O J .  Moreover, from E q s .  (ia%5), 



while from E q .  (131g) 

Hence 



E q s ,  (A601 m d  (A621 imply t h a t  t he  sum of t h e  R-dependent t e r n  i n  

(AS91 approaches zero i n  t h e  l i m i t  R + rn, i. e. , that t h e  l i m i t  i n  (A591 

r e a n y  does exis t .  In t h i s  fashion w e  W e M u c e d  (A59) [be,, (?d%) ];&Q 

Now we can r e t u r n  a t  last t o  Eq. (205b). Evident ly  t h e  r e s u l t  ( ~ 6 3 )  w i l l  

b e  i d e n t i c a l  w i th  (205b) i f  w e  can show 

From the  fundamental d e f i n i t i o n s  of the  q u a n t i t i e s  involved [ r e c a l l  

Eqs. (131e) - (1311) 1 



But we are assuming V(r) is neglbgible for r > a. Also, 
W 

lJ- > /Lfi*r 
,Lea: (+) - .I:'? e 1 (A66b) 

- d re  C- '7 d, - 
J .- 



merefore, soqa r%ng  Eqs, ( 8 6 4 )  - ( ~ 6 6 ) ~  w e  see t h a t  demonstrat ing 

is equivelent ee, demonstrating ( A 6 4 ) .  Eliminating uc (+) in favor of 

vie (A51), Eq. (A67) becomes 

where the value of the right side of (A681 vmishes a t  the lower Zimtt r - O 
because we know FR(r)  defined by (A55a) i s  wen-behaved a t  r = 0. 

A t  r = a, F~(T-) and d ~ ~ / d r  are continuous ; hence these quantities can 

be calculated from (8$5b), Thus (A481 reduces t o  demonstrating 



However, the relation ( 3 4 )  

can be put in the form 



Mreover, it can be veriffed tha t  Eqs.  (A701 hold  f o r  R = 8 with the 

interpretatims i (A57b) T ~ m s  ( A S Q a )  we i n f e r  

Letting p i  = ka, p2 = A a ,  we  see that ( A 7 1 1  easures the equality of the 

tern proportional to i on the left m d  right sides of (A69). Owe 

similarly shows the remaining term an the left and right sides sf (A69) 

are equal, Therefore, we have demonstrated ( A 6 7 1  and (864) hald,'i.e., 

without interchanging order of integration and lidt E + 0 we have 

demonstrated that Eq, (850) reduces t o  E q ,  (285b), Q.E.B. 



mPEND%X B , GONmWGENCE OF E T E M E B  EXP'WESSICIISS 

Page 

A t y p i c a l  term i n  (69) i s  

hrl discussed  i n  s e c t i o n  A . l ,  t h e  i n t e g r a l  (El )  can diverge ( a t  

i n f i n i t y  i n  ;' space)  only i n  d i r e c t i o n s  VZSV along which r ' 
bw -2 3 

remains f i n i t e ,  Moreover, divergence can occur  a t  i n f i n i t e  q ' 
-2 3 

only ,  s o  t h a t  terms i n  E(') corresponding t o  three-body bound 

s t a t e s  (wherein both q i and r ' remain f i n i t e )  obviously cannot 
A2 3 ~2 3 

cause (B1) t o  d ive rge .  

The a s y n ~ p t o t i c  behavior  of Zl2 ('I (i') a t  l a r g e  q ' is found 
-23 

from (72) and (73) , us ing  

Thus remembering r,,' remains f i n i t e ,  



I n  (B3) , f a c t o r s  depending on zZ3' only have been dropped, because 

f o r  t%e pubposes s f  t h i s  s e c t i o n  they play no r o l e  =in ( ~ l ) .  The 

f a c t o r  a(z12/r12') i n  (B3) of dourse is proporeionsl  La the  amplitude 

f o r  e l a s t i c  s c a t t e r i n g  i n  the  fxo-body c o l l i s i o n  of p a r t i c l e s  1 and 

2. 

Naw, o a t t i n g  f a c t o r s  i r r e l e v a n t  t o  the  ques t ion-  of i ts  convergence, 

i f  bound s t a t e s  uJ(zP3) e x i s t  the  i n t e g r a l  (Bl) behaves l i k e  [compare 

s e c t i o n  A.6, and r e c a l l  t h e  discussion a t  the  end of s e c t i o n  A. 41 

Simi la r ly ,  i f  bound s t a t e s  do no t  e x i s t ,  the  i n t e g r a l  ( ~ 1 )  behaves 

l i k e  

b my' v=' 
12423 &a3 

(B4b) 

Af te r  i n t e g r a t i n g  over d r p g l ,  the  integrand i n  (B4b) w i l l  be of 
rU 

order  qZl3 le3I2 even before  i n t e g r a t i n g  over dG23' ; thus (B4b) is 

o b d o w l y  conszergent, %ke i n t e g r a l  (n4a) reduces t o  



~ ~ h i c h  converges un le s s  

?TOW, from E q .  (29d) 

implying the  t r i a n g u l a r  i n e q u a l i t i e s  

The q u a n t i t y  i s  def ined  by the  analogue of (114b),  s o  t l i a t ,  a s  

i n  t h e  analogous case  of E q .  ( i l l&) 

It fol lows t h a t  

pe rmi t t i ng  t h e  i n f e r e n c e  t h a t  (B5b) cannot ho ld  on the  energy s h e l l .  

I n  tile foregoing ,  va r ious  s lowly vary ing  (independent of $ .2 3 ') 

angu la r  dependent (on ') f a c t o r s  have been omit ted from Eqs . d 2  3 

(G l t ) ,  i n  accordance with the  d iscuss io i l  a t  t h e  end of s e c t i o n  A - 4 .  

Comparison wi th  s e c t i o n s  A . 4  and A . 7 ,  p lus  a  l i t t l e  thought ,  s h o ~ ~ s  

t h a t  i n c l u s i o n  of those  f a c t o r s  could no t  have worsened the  convergence 

- 1 
of the  i n t e g r a l s  (B4a) and (B4b). For i n s t a n c e ,  t he  423' dependence 



of the  jo f a c t o r  i n  (B5a) is  underseandable on the  b a s i s  of t h e  

p r i n c i p l e  of s t a t i o n a r y  phme,  r e c a l l i n g  (Al3e) and reeomfzfng 

t h a t  [ i n  s p h e r i c a l  coordinates with po la r  a x i s  along K12] dj;g 

i n  (84) i s  propor t ional  t o  s i n  8i3? $f ,  f o r e x a q l e ,  the  omitted 

- 8 

a(z23) f a c t o r  from (83) aha. il propor t ional  t o  s i n  5i3 with t h i s  

&&ice of p o l a r  a x i s ,  t he  integrand i n  (B5a) a c t u a l l y  w i l l  be of 

order  q '-3'29 and w i l l  converge independently of the  c r i t e r i o n  (B5b). 

I conclude t h a t  t h e  i n t e g r a l  (Bl) su re ly  converges on the  e n e r w  

s h e l l ,  i. e. , the  r i g h t  s i d e  of (69) s u r e l y  sonverges on the e n e r m  

s h e l l ,  Q.E.D. 

Recall ing s e c t i o n  A . 4 ,  i t  is no t  d i f f i c u l t  t o  s e e  t h a t  the  

l a b o r a t o ~ y  s y s  tern term corresponding t o  (Bl) --namely the tern 

G(+) v ~ ~ @ , ,  (+) i n  (67c)--has e s s e n t i a l l y  the  same behavior a s  Eqs. 

(B4), i , e . ,  is  convergent on the  energy s h e l l  whether o r  no t  G (+I 

can propagate i n  bound s t a t e s  u (r ) On the  o the r  hand, when 1 ~ 2 3  - 
bound s t a t e s  u (r-12 9s23) e x i s t ,  the  i n t e g r a l  G(+ ) ~ ~ ~ 0 ~ ~  

3 
") obvious l y  

[ r e c a l l  Eqs. (Al0) and (A15a) 1 hehaves l i k e  the  i n t e g r a l  (Al%c), 

i.e., conta ins  a  &-function vanishing on the  e n c r m  s h e l l .  

I f ,  as i n  s e c t i o n  A . 4 ,  the  energy associa ted  with $i i n  ( 60 )  

is  permitted t o  be E v  E, t he  l i m i t  on t h e  r i g h t  s i d e  of (60)  

y i e l d s  [ ins tead  of (72) 1 

where 



and 

Because V is  s h o r t  range, t h e  i n t e g r a l  (BSb) obv ious ly  remains  L? 
st convergent  f o r  a l l  E , k ' ., IIence t h e  6-funct ion s i n g u l a r i t i e s  12 8-17. 

f o m d  in s e c t i o n  A . 6  are absent from a ~ o r r e c t l y  p e r f o r w d  cont inuat ion--  

t o  ene rg i e s  i' + %--of t h e  two-body scattering terms $ aB ") i n  s ~ " ) .  O f  

course ,  if SI2'+) (8 :Eq)  were t o  be computed from the  i n c o r r e c t  [because 

i t  i s  non-convergent ] m a l o s e  of (B9a) , namely from 

r a t h e r  thm from (B8a), t he  6-function sfn@%arfties of s e c t i o n  A , &  would 

reappear ,  s i n c e  E") (5 ;-' ) behaves  l i k e  EI2 ) P ,--+ as it -+ alms 

d i r e c t i o n s  jI2 ' which keep f I2 '  f f n i r e .  



h corresponding con t inua t ion  of ( 6 9 )  might be  t o  de f ine  

I n  t h i s  e v e n t ,  t he  preceding a n a l y s i s  i n  t h f s  s e c t i o n  is  e s s e n t i a l l y  

u n a l t e r e d ,  except  dza t  t h e  c r i t e r i o n  f o r  divergence o f ,  e . g.  , t!le 

('I (I?' ) term i n  (Bl9) corresponding t o  (I3 1) becomes 



C q .  (311) can h o l 2 ,  as  the  f o l l o ~ ~ i n g  argument sho:rs, Yote f j  rst 

t h a t  I: 23j  and K ' a l l  a r e  i n t r i n s i c a l l y  p o s i t i v e .  Thus (311) 
12 

is  a  segvlent of a s t r a i g h t  l i n e  i n  t h e  1%' &'I ? ' ,  k 12 ' p lane ,  s S a r t i n g  

a t  !r ' = n .  E q .  (311) can bc s a t f s f i e ?  T-hen t h i s  s t r a i g l i t  l i n e  
12 

t n t c r l e c t s  die e l l i p s e  [ r e c a l l  E q .  (35) 1 

blow, s t a r t i n g  from s n a l l  va lues  of e '  , one can s e e  t h a t  the  e l l i p s e s  

("2) f i r s t  i n t e r s e c t  (B11) a t  1c12' = 3 ,  i . e . ,  a t  

where [ r e c a l l  ~ q .  !114b) I 

denotes  t he  k i n e t i c  energy i n  t h e  c e n t e r  of mass system when t h e  

t o t a l  c e n t e r  of nlass system energy i s  E, ancl when p a r t i c l e s  2 ,  3 

a r e  propaga t ing  ( r e l a t i v e  t o  1 )  i n  a  bound s t a t e  u j  (zZS) of energy 

E A t  l a r ~ e r  va lues  of E '  than given by ( ~ 1 3 a ) ,  t he  e l l i p s e  
j" 

( 3 1 2 )  always i n t e r s e c t s  (319).  !Ience (31) [wit11 2' ", qca be 

d ive rgen t  a t  r e a l  ene rg i e s  



rq11en bound s t a t e s  uj e x i s t .  T h e  divergence i s  at: n o r s t  

l oga r i t hmic ,  1ior.reve-r; c e r t a i n l y  t11ere a r e  no sSgns of t h e  6 -  f unc t ions  

a s soc i a t ed  wi th  u ( r  ) obta ined  i n  s e c t i o n  A.  6 .  Floreover, tllc 
j -23 

2 ,  3 analogue of Eq.  (Alh'u) i n p l i o s  tliaf----as 8' i n c r e a s e s  from 

small values--6-functions a s s  oc i a t ed  wi th  U .  (zZ3) occur a t  ene rg i e s  
J 

a r e s u l t  n o t  t h e  same a s  (B14a). 

Replacing 5 ("(8) i n  (B10) by zuB ("(f;b from (DR.) [where B 
now, i n  t h e  c e n t e r  of mass system, 5' s t i l l  equa l s  the  o r i g i n a l  2 
i n  $. (E )  1 perhaps y i e l d s  a con t inua t ion  of (69) more analogous t o  

1 

t h e  con t inua t ion  (B9a) of s e c t i o n  A.6 t han  the  con t inua t ion  (B%O) 

- S ( + ) ( B ; E ' ) ,  one j u s t  examined. With t h i s  a l t e r n a t i v e  form f o r  Oi 

s e e s  t h a t  t h e  c r i t e r i o n  f o r  divergence o f ,  e . g . ,  t?le i n t e g r a l  

i n s t e a d  of (811). where b 12 " is  def ined  i n  t e r n s  of by 

A l i t t l e  a l g e b r a  shows t h a t  (B15a) cannot b e  s a t i s f i e d  f o r  r e a l  

lclq , 1c2' kgq , though it can hold f o r  complex /t/ 1.. Far  r e a l  $' , 

t h e r e f o r e ,  r e p l a c i n g  6 a B (+)(a i n  (3m) by SUB (" (E: E ' ) y i e l d s  a 
- 

vhich- - l ike  the  o r i g i n a l  formula (69) --Is% contlnuatFon of 0 
i 



always convergent.  

The foregoing  c sns fde ra t f ans  j u s t i f y  the remarks made % o l k ~ \ ~ ~ ~ . n g  

Eq.  ( 9 . 5 ) -  

A t y p f c a l  term i n  t h e  i n t e g r a l  oaa the  r i g h t  s i d e  of (13%) i s  

us ing  E q .  ( 7 2 )  and dropping t h e  irre1evan"b:rime on 2'. The 
65 

convergence of (BE&) depends only on the  asympto t ic  behavior  of t h e  

in t eg rand  a t  large q Z 3 .  Conslder now the  con t r ibu t ion  t o  (Blh) P r o m  

ehe p a r t  of yf  - *  denoted by (-1" 
23f Eq (136) . Recalling the 

a r ~ m n t  l ead ing  from ( B l )  [which ( B I G )  very much resembles] to (ab), one s e e s  

[u s ing  the 2 ,  3 analogues o f  (33b) and (105b) 1 t h a t  at large ql3 the 

- 
5%- (-I* c o n t r i b u t i o n  t o  (B16) i s  propor t ional  to 



whish con ta ins  a tern p ropor t iona l  t o  t h e  6-funct ion (135%). 1 add t h a t  

t h e  v a l i d i t y  of t h i s  resul t - -and t h e r e f o r e ,  i n  e f f e c t , : o f  t h e  procedures  

which I have been employing, e s p e c i a l l y  t h e  procedure ( e q l a i n e d  in 

s e c t i o n  A.4) s f  n e g l e c t i n g  the  isngular dependence of slowly vaxlying 

f a c t o r s  i n  in tegrands- - i s  borne ou t  by e x p l i c i t  ca%cufa t ion  i n  t h e  l a t e r  

s e c t i o n  E.4, 

The c o n t r i b u t i o n  t o  (Bl6) from propagat ion i n  bound s t a t e s  u . ( ~ ~ ~ 1 ,  
3 

the only bound s t a t e s  t h a t  poss ib ly  can cause (Bl6) t o  d ive rge ,  

behaves l i k e  

The i n t e g r a l  (GI%) is  i d e n t i c a l  vrith (B5a). Therefore the formula 

(133b) i s  convergent on the energy s h e l l ,  and & o n t a i m  at worse 

loga r i thmic  s i n g u l a r i t i e s  , as d iscussed  i n  s e e t l o n  B .  1. 

Evident ly  t h e  r e s u l t  (B17b) can be  a s s o c i a t e d  wi th  t h e  f a c t  t h a t  

- 
(') i n  (Bl6) decreases  asymptot ica l ly  as q - l 

@12 2 3 st l a r g e  qz3" I f  
- - -2 2 -2 
@12 (') were t o  b e  rep laced  by a  q u a n t i t y  decreas ing  as p - q23 

at large q23, then (B17b) would be rep laced  by 

where ~ ( k  ,k ) w i l l  depend on the  p a r t i c u l a r  asymptot ic  b e h a d o r  [b .e . ,  ".f <-f 

on the  phase a t  l a r g e  q 1 of t he  q u a n t i t y  which replaced ~12(C)o The 2 3 

i n t e g r a l  (B19) is  logariehmfcalby d ive rgen t  when F = 0. Coreparing ( l33b)  



m d  ( l 65b) ,  i t  c m  be seen t h a t  (BP9)  is t h e  form t o  which Ehe large 

q2 3 
c o n t r i b u t i o n  from the 

f 
(-)*v 5 '(" term i n  (165b) w i l l  reduce,  2 3  12 

- -2 
remembering t h a t  z ~ ~ ~ ( " ( ~ )  f- behaves l i k e  p at l a r g e  p [as d iscussed  

i n  subsec t ion  4.3.11, However, is  s e c t i o n  E . 3  below s h m s ,  t he  phase 

of a,, '(') ( r )  a t  l a r g e  qlg w i l l .  be a  very  complicatCd func t ion  of Zi 
and t h e  d i r e c t i o n  jZ3 along which -+ keeping ,sZ3 f i n i t e .  Thus i t  i s  

very d i f f i c u l t  ( a d  f o r  the  purposes of s e c t i o n  4.3 n o t  worth eg5iSe) t o  

d e t e w n e  t h e  form of F  i n  t h e  c m e  of p r e s e n t  i n t e r e s t ,  i . e , ,  i t  is very 

d i f f i c u l t  t o  w r i  te d m  t h e  r g l a t i o n s  bemeen  'ki ,kf d e t e w n i n g  the  

va lues  of kf ( f o r  g iven  ki) a long  which t h e  v a r i o u s  i n t e g r a l s  i n  (165b) 

can b e  %ogarithna%cal%y d ive rgen t ,  Fo r tuna te ly ,  l o g a r i t h d c  divergences 

- (-)*v 5 of t h i s  s o r t  i n  s c a t t e r i n g  ampli tudes,  e,g., i n  t h e  Yf 23 12 
(+I t e r n  

of (EQSb), appa ren t ly  do n o t  make measurable c o n t r i b u t i o n s  t o  t h e  

s e a t e e r e d  c u r r e n t ,  In f a c t , ' r e f e a x i n g  to-@&ahion E.2 ,  9$ seems that a 

c o n t r i b u t i o n  t o  yf ; 
23-12 

(" of form (B19) i s  e s soc i a t ed  w i t h  6he r e s u l t  

t h a t ,  i n  t h e  i n t e g r a l  E ( ' ) v ~ ~ ~ ~ ~  ('I l e ad ing  60 t he  amplitude 

- -512 
23 12 f  

, t he  c o n t r i b u t i o n  is  of o r d e r  r along s p e c i a l  

- -512 - 
d i r e c t i o n s .  But an r c o n t r i b u t i o n  f o r  s q  > $--though s u f f i c i e n t  t o  

gene ra t e  the  t r m s i t i o n  amplitude divergence i n d i c a t i n g  in te rchange  of 

o r d e r  of i n t e g r a t i o n  a d  l i m i t  r + -  is  n o t  wholly j u s t i f i e d  f o r  t h e  
N 

-(+Iv 6 i n t e g r a l  G 23 l2 (+)--is n o t  s u f f i c i e n t  t o  produce divergences i n  t h e  

i n t e g r m d  f o r  t h e  c e n t e r  of mass f r a m  p r o b a b i l i t y  c u r r e n t  f law r r e c a l l  

Eqs . (118) 1. Theref o r e ,  because t h e s e  s p e c i a l  d i r e c t i o n s  if along which 

( l65a)  f a i l s  f o r  z " ) v ~ ~ z ~ ~  ('I form at most a four-dimensional manifold 

i n  t h e  f ive-dimensional  menifold of p h y s i c a l l y  allowed sf [ r e c a l l  subsec t ion  

6.3.31, the c o n t r i b u t i o n s  along -f t o  the p r o b a b i l i t y  c u r r e n t  f low a r e  

inconsequent ia l .  
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c.1 Eq. (99) 

I wish t o  determine t h e  c o n t r i b u t i o n  t o  t h e  l e f t  s i d e  of (99) 

from t h e  reg ion  r" > r ,  i n  t h e  l i m i t  t h a t  r -+ a. I n  p a r t i c u l a r ,  I wish 

t o  show t h a t  when bound states e x i s t  t h i s  c o n t r i b u t i o n  dec reases  no more 

r a p i d l y  tW z-4 a t  l a r g e  r .  -1 :note  t h a t  f d r  t h e  p re sen t  purpose, namely t o  

examine t h e  v a l i d i t y  of us ing  (99) t o  deduce Eqs. (LOO), i t  is  

s h f f i c i e n t  t o  suppose r -+ along d i r e c t i o n s  2 such t h a t  no r 
a B 

remains f i n i t e ( 2 7 )  ; i t  i s  c l e a r  from s e c t i o n  3.2 t h a t  Eq. (97a) 

[~.7hich l e d  t o  (99) ] gene ra l ly  i s  n o t  a u s e f u l  s t a r t i n g  p o i n t  f o r  

e v a l u a t i o n  of l i m  ~(5;t;') as  r -t along d i r e c t i o n s  2vB i n  riliich 

*vraa 
remains f i n i t e .  

Consider ,  e . g . ,  t h e  Vlq term i n  ( 9 ? ) ,  assuming p a r t i c l e s  1, 2 

can propagate  i n  bound s t a t e s .  Then, r e c a l l i n g  Eq. (A5), a t  l a r g e  

r > r ,  along d i r e c t i o n s  z12" wherein r " remains f d n i t e ,  t h e  term 
12 

i n  ques t ion  behaves l i k e  

(Cla) 



1; " = O when r " remains F i n l t e  as r" + m .  Cor responding ly ,  
1.2 12  



us ing  E q .  (A4). A s  i n  s e c t i o n  A . 1 ,  t he  d i s t i n c t i o n  betvreen the  

magnitudes of p " and p" can be neg lec t ed  when r " remains f i n i t e  1 2  9 2 

whi le  p" -+ w .  Thus, now r e c a l l i n g  ( A 7 ) ,  E q .  (Cla) can b e  rep laced  

(-1 * 'b 
where FIZjf depends on Y ~ ~ ~ I ,  but n o t  on the magnitude of A4 plZ" = p"~12" .  

The magnitude of r' a l s o  remains f i n i t e  i n  (C2), s o  t h a t  ( f o r  t h e  
& 

purpose of e s t i m a t i n g  t h e  behavior  a t  l a r g e  r )  t h e  i n t e g r a t i o n  ove r  

d ~ 1 2 "  can b e  rep laced  by p 1 2  -2~2(p12&) a s  i n  Eqs. (Al3) and t h e  

d i scuss ion  subsequent  t he re to .  Note t h a t  i n  (C2) t he  magnitude of 

t h e  s ix-dimensional  v e c t o r  plq de f ined  by Eq. ( A 4 )  cannot b e  equated 
lu 

t o  t he  magnitude of t h e  nine-dimensional v e c t o r  p a t  l a r g e  r ,  
acc 

because r /r does n o t  approach zero  a s  r -t 12 1 1 For given 2, 

however, t h e  r a t i o  r / p l 2  remains cons t an t  and f i n i t e  a s  r -t I I 2, 
except ing  tbose  very  s p e c i a l  v ( s u r e l y  ignorab le  f o r  p re sen t  purposes)  

A4 

wherein q and I? remain f i n i t e - - i .  e .  , wherein r12 alhme becomes 12 

A$ l a r g e  r ,  t h e r e f o r e ,  t he  cont r ibu t ion- - to  t he  TT1? t e r n  on 

t h e  l e f t  s i d e  of (99)--from va lues  of r" l a r g e  compared t o  r i s  

e s t ima ted  by 

dp"  



-:h~rr_ y i s   son^ n u ~ b e r  > 1 ,  c r . fF i c i en t ly  P a r y n  to czsu re  tl:at r h e  

f a c t o r s  prccedfng V I 7 ( 5 7  
") i n  tlir i q t c n r a n d  of ( C 1 3 )  rrfpr"vmf- 

Op(')(r.rl') I n  t ? p  r m p o  Q" > p t o  .7 '~'-in,  c.p., one p r r r ~ n t *  Tile 
r -  

renFon f o r  t h f s  c l ~ ~ i c e  of l o ~ ~ e r  l i q i t  i~ t o  be un-ler.;roocl as fo l lows .  

S t r i c t l y  speaking ,  w e  want t o  conpare t he  c o n t r i S i ~ i i o n  from t h e  

r c g i o i ~  r" > r rritii t h e  c o n t r i b u t i o l ~  :ruL.i r' < r, i n  ;r:,ich event  tLe 

I n k ~ i ' a t i o n  i n  (C3) sI loulJ  run frorc p t o  ;iowever t h e  aforei,.rr,tioned 

asymptotic r e p r e s e n t a t i o n  of CT(-')(r;$') is only v a l i d  f o r  r" 
u 

sufficiently l a r g e  coxparoc! t o  r. 2n tile o t h e r  hail?, i; ( O 3 )  

r e a l l y  i s  v a l i d ,  then t h e  contribuk.ion t o  t h e  l e f t  s i d e  o f  (T?) frurir 

?very reg ion  r" > y r ,  y > 1 (i. c .  , f r o n  every r eg ion  p f f  > YP, Y > 1) 

must be  negl igi 'u le  co~~ipared  t o  t l ~ e  cont r i ' su t ion  f r o n  r" < r. Thus, 

i n  ( C ? ) ,  L alii c a t i s a t i n g  rlie cont r ib i l t ion  :o t h e  l e f t  s i d e  of  ( 7 7 )  

Zlol,~ t h a t  reg ion  p "  > y p  > p  w1ierei.n oile can be  con f iden t  t L a t  (22) 

reasonably a c c u r a t t l y  e s t i n a t e s  t h a t  con t r ik  u ~ i o n .  

L e t t i n g  p" = px, (C3) Secomcs 

-I i jut  the  i n t e g r a l  i n  (C4) i s  of o r d e r  p  by t h e  3ef:ann-Lebcsgue 

(31) -I/? lemr~a , a l s o ,  J , ( P ~ ~ & )  I pl? . hence [ r t t c a l l i n i ,  tlrc rexarks  
L 

a t  t h e  end of t h e  next  t o  t h e  l a s t  paragraph1 t!ic e n t i r e  express ion  

(C4) ---md, consequent ly ,  t h e  e  xpressiol l  ( C l a )  ---is of o rde r  

.5/2 .-3/2 % -4  
P = r , when boun3 z t a t e s  u  (r ) e x i s t .  12 j e l 2  



1- tile ~ L s e n c e  of bound s t a t e s  u .  ( r  ) , o r  equ iva l en t ly  Irhcn 
J e l 2  

r" -t 3long d i r e c t i o n s  V" \;?:erein every r " -t w ,    la) wuuli! Lc 
@ ae  

rep laced  by [neg lec t ing  i n e s s e n t i a l  f a c t o r s ]  

! :ecn~se t h e  only e s s e n t i a l  d i f f e r e n c e  between ( ~ 5 a )  and  la) i s  

tlie e x t r a  f a c t o r  p "3/2 i n  tiie denominator of (C5a). Thus use  of (99) 

sllould be  l e g i t i m a t e  i n  t h e  absence of bound s t a t e s .  On the  o t h e r  

hand,  :illen r" + m along those  ve iy  s p e c i a l  d i r e c t i o n s  v12" ' h e r e i n  

propagat ion i n  three-body bound s t a t e s  is  p o s s i b l e ,  (Cla) :soul? be  

rep laced  by [ r e c a l l  Eqs. (A15) ] 

I n  ( c S ~ ) ,  ko th  q and r " remain f i n i t e ,  s o  t h a t  Eqs. (25cl) and 
P, 

12 
'L 

(gnc) imi>ly = (211ih2) st l a r g e  r" = F.". ~ i i u s ,  mal~ing use  

of ( A 6 ) ,  t he  r" > r c o n t r i b u t i o n  t o  (C5b) i s  es t imated  by 



El0 -- 1 
compnrL11;; i r i t i i  E q s .  (C3)  - ( C ~ I )  and recogniz ing  j (l ' l '~)  i s  % p 

0 

as  r -) I I 2ixcd v,  * 

t'ext cons ide r  E q .  (1'71). The  r i g h t  sicye of (1") i s  of o rde r  

- -5/2 - 
r a t  l a r g e  r. Ilo~,rever, muck a s  i n  Eq,  la) , r i ~ e n  u .  ( r  

J "12 

occur  t he  c o n t r i b u t i o n  - r from GI' > r--.to t h e  V t e r n  on t h e  l e f t  12 

s i d e  of (101) behaves l i k e  

where p" i s  de f ined  by t h e  analogue of (l'72d) , an?  proach aches 
@ 

$ r 

i n f i n i t y  a long v " keeping r " f j n i t e ,  The Pac t  that r12 remains d l 2  12 

- f i n i t e  as  p" -> L" now in1plie.s t l - a t  t he  magnitudes of t h e  s ix-dimensional  

6" and the three-dimensional  q " a r e  r e l a t e d  by t h e  analogue of 
8% '4-12 

(11Fb) . Also,  w e  now have ,  i n  analogy wi th  (Clb) , 

us ing  ( A 6 ) .  i ience, r e c a l l i n g  ( l l h b ) ,  t he  i n t e g r a l  (C6a) can b e  

rep  lacecl by 



I n  (C7),  a g a i n  becausc  r / r  does n o t  approacli z e r o  a s  1- + " I I jr 
12 

E q ,  ( l l 4 b )  does  n o t  l lo ld  f o r  tlic unprimed v a r i a b l e s  ; Iio'i:rev~r, as i n  

- 'I, 
(C2) ,  f o r  g iven  < t h e  r a t i o  sr/q remains c o n s t a n t  and f i n i t e .  T'lence 

C 12 

a t  l a r g e  r t h e  c o n t r i b u t i o n  (C4a) t o  t h e  l e f t  s i d e  of (131)--at  

l a r g e  ;I' > ;---is e s t i m a t e d  by [compare Ecl. (C5c) 1 

I n  o t h e r  x ~ o r d s ,   lien two-'body bound s t a t e s  e x i s t ,  t h e  c o n t r i b u t i o n  

t o  t11e l e f t  s i d e  of (101) from r" > r i s  of t h e  same o r d e r  of 

magni tude ac, t h e  right s i d e  o f  ( I O l ) ,  imply ing  t h a t  Eq.  (131) is  

i n v a l i d .  On t h e  o t h e r  hand ,  .i~??en t h e r e  a r e  no two-body bound s t a t e s ,  

t h e  co~ztinuum c o n t r i b u t i o n  t o  t h e  l e f t  s i d e  05 ( 1 3 1 ) ,  e s t i m a t e d  by 

t h e  c e n t e r  o f  mass ana logue  of (C5a) ,  r e a d i l y  i s  found t o  5 e  of 

.- .- 4 
o r d e r  r ; c o r r c s p o n d f n g l y ,  Eq .  (101) s ' lould b e  v a l i d  rdlen two-- 

body bound s t a t e s  do n o t  o c c u r .  Of c o u r s e ,  t h e  p r e s e n c e  of t l lrec--  

body Sound s t a t e s  a l s o  does n o t  ar lversely  a f f e c t  tlze val . ic?ity of 

zq. (191) .  

I add t h a t  s i n c e  r behaves  e s s e n t i a l l y  l i k e  C (-+I ( r f l  . r l )  
@ &" I2 8%. ;v 

crhcn r" -> a l o n g  v ", t h e  a n a l y s i s  of th-is s e c t i o n - - r e l a t i v e  t o  @I2 

in te rc f iange  o f  t h e  o r d e r  of i n t e g r a t i o n  and 9 i ~ i t  r +- 03 i n  t h e  

G~ 
(+Iv G(C)  t e r m  of Cq. ("")- -appl ies  a l s o  t o  t h e  corrssponc?ing 

12 

i n t e r c h a n g e  i n  t h e  f n t e g r a l  on tl:e l e f t  s t 4 2  of ( lf93),  

I t  IT o P  i n t c r c s t  t o  compare t : le r" > I- c o : ~ t r i :  u tbons  t n  t'lc 



froill ("I-) v i t h  t h e  correspondtng con t r ibu t ion  [eva lua ted  i n  s e c t i o n  

C . I j   fro^ (?7a) .  A s  i n  s e c t i o n  C.1, no r remains f i n i t e  as 
0. B 

,,.-4 In tlie i n t e e r a n d  of (C9),  GF(+) ( r l ' ; r l )  i s  of o rde r  p as 
w C"r 

r" -+ Tllus, r e c a l l i n g  C q .  (C5a), i t  i s  c l e a r  t h a t  t h e  r" > r 

c o n t r i b u t i o n  t o  (C3)  ~ a i l l  be of o rde r  r -3.112 
un le s s  t h e r e  a r e  impor tan t  

c o n t r i b u t i o n s  from G(') ( r ; r I1)  a s  r" + along d i r e c t i o n s  v " 
w d  & 1 2  

corresponding t o  propagat ion i n  t.m-body o r  three-body bound s t a t e s .  

Suppose, f i r s t ,  t h a t  two--body bound s t a t e s  u .  ( r  ") e x i s t .  Then, 
J " 2 2  

r e c a l l i n g  D q .  (A3), a long such d i r e c t i o n s  z12" , l i m  G") ( r ; r l ' )  
-%I< I t  *z ee- 

,,--5/2 d f  (-.) it - 
i s  p r o p o r t i o n a l  t o  p e and t o  

1 2 j  f (3) . But , now 

r e f e r r i n g  t o  Eqs. (115) ,  (-)* - 
- (2) is composed of h.70  terms:  

* 
(i) i t s  i n c i d e n t  p a r t ,  which i s  p r o p o r t i o n a l  t o  u  (.f12), and t5us  

j 

vanishes  exponen t i a l l y  because i t  has  been hypothesizeil  t h a t  r + 
12 

%k 
t ; i i t s  s c a t t e r e d  p a r t ,  which-.-because of t h e  u V and 

J 23 * 
uj Vjl products  i n  t h e  i n t e g r a l  on the  r i g h t  s i d e  of  ( l l5b) - -  

- -5/2 
c l e a r l y  behaves l i k e  p a t  l a r g e  r, A t  l a r g e  r and r" > r ,  

t h e r e f o r e ,  t h e  two-body bound8,s t a t e  c o n t r i b u t i o n  t o  (C?) f r o n  
-- iK 

% * f  N 11-5 /2 ,-512 G(')(r;r") i s  a t  r170rs t  = e  
& .-v P P . This  i s  equ iva l en t  

-i1:" * J? 
t o  r ep l ac ing  G ) i n  ( C 9 )  by a  f a c t o r  of o r d e r  e @f &/ P 115 9 

,,-4 which i s  sma l l  conpared even t o  the  p c o n t r i b u t i o n  made by 



propagat ion of G(')(r;r") i n  unbound s t a t e s  and which [ a f t e r  
4- a9 

performing the  angular  i n t e g r a t i o n  over  v 'I] obviously malces a  
&I2 

-- 4 
c o n t r i b u t i o n  t o  (C9) decreas ing  more r a p i d l y  tlian r S i m i l a r l y ,  

t h e r e  a r e  n e g l i g i b l y  smal l  (compared t o  r-4)  c o n t r i b u t i o n s  t o  

(C9) from propagat ion  in three-body s t a t e s  U .  (r1211 f Z 3  It) . 
J "  

I t  fol lows t h a t  the  processes  of i n t e g r a t i o n  and l i m  as r -+ 1 1  2 
can be  l e g i t i m a t e l y  reversed i n  (CP) , and t h e r e f o r e  i n  (o7b).  

Evident ly  t h e  fundamental d i f f e r e n c e  between (9  7a) and (97b) i s  

t h a t  we have G r ; r ) i n  (97a) , whi l e  i n  (9 7b) we have G") (r ;TI') . 
N CV & 44 

A s  a  r e s u l t ,  because a l l  t h e  complicat ing c o n t r i b u t i o n s  a t  l a r g e  

r" a r i s e  from propagat ion i n  bound s t a t e s ,  and because G 
IV P 

('1 never  

propagates  i n  bound s t a t e s ,  t hese  c o c t r i b u t i o n s  a r e  inore important  

i n  (37a) [where r '  remains f i n i t e ]  than i n  (9%) [trhcre a l l  r a r e  
c a B 

becoming i n f i n i t e  with r ] .  

C.  4 Eq. (123) and Related Expressions 

E wish t o  s h m ~  t h a t  t h e  in te rchange  of o r d e r  of i n t e g r a t i o n  and 

limit r -t i s  u n j u s t i f i e d  i n  (123) , even when t h e  i n t e g r a l  ~n t he  

l e f t  s i d e  of (123) is convergent ,  i . e . ,  even when bound s t a t e s  do 

n o t  e x i s t .  I n  otl-ter t ~ o r d s  , I wish t o  show t h a t  the  c o n t r i b u t i o n  t o  

the  l e f t  s i d e  of (123) from the  region r' > r is  not  n e g l i g i b l e  

-4  
compared t o  r a s  r + even when 6") cannot propagate  i n  bound 

s t a t e s .  Consider ,  e .  g. , t he  V12 term on t h e  l e f t  s i d e  of (123).  

Then, under t h e  circumstances descr ibed  t h e  r' > r c o n t r i b u t i o n  t o  

t h i s  term is  es t imated  by an i n t e g r a l  of form 



where tlie subscript i corresponds t o  d i r e c t i o n s  ,vfv ' v12: ' ?.eplacing 

.E: 
~ I J ~ ( - ) *  1;y i t s  if p a r t ,  E q .  (ClOa) reduces t o  

i f  - ~(K;.R + K '  -423- .?  .-I% ) ~ ( K . . R ' + K  ,-WC -1%; 12 

d ~ ' d ? ' e  e f3 ( C ~ O ~ )  
re ..a- 

t'''" 

Xext employ Eqs . ( 3 0 ~ )  , (Ah) , (A61 ,and (A l l )  , and r e c a l l  Eqs . 
(A12). T l~ere t~~i t ! ; ,  mucli a s  i n  (Clb) , i t  i s  p o s s i b l e  t o  r e w r i t e  

((2105) as 

where t h e  d e f i n i t i o n  of 2 [no t  t o  b e  confused w i t h  3 of E q s .  (171a) is 



(Cllc)  

Thus, as i n  the transi t ion from (62) t o  ( 6 3 ) ,  one can replace ( ~ l l a )  by 

From the resu l t s  of Appendix F [or direct ly  from the definihg 

re la t ion  (25d) f o r  the components of the nine-dimensional p l ,  
w 

where 

9 E 

12 

For given v i n  (123) , therefore, % c m  write ~ l f  

where the angles 0, $ are d e t e d n e d  by the given direction 2f. 

Hence, from (Cllc)  

where 4g, n are respectively the di rect ions  along which 8, q approach 
Nq A4 



i n f i n i t y  i n  three--dimensional phys i ca l  space.  

? T ~ F J ,  f i n a l l y ,  l e t  = px i n  ( ~ 1 2 ) .  Tllus, as i n  ( ~ 4 ) ~  and 

us ing  the  Riemann--Lebesgue lemma, (C12)  i s  es t imated  by 

The r eade r  i s  reminded t h a t  !( , I< arc f i x e d  by t h e  i n c i d e n t  
m i  "12i 

wave I) i n  (123) , and t h a t  ZR, n arc determined (along ai  t:i 8, 4) i "q 

by the  given d i r e c t i o n  v I f  (C14a) h a s  a  p o i n t  of s t a t i o n a r y  
~ f .  

phase i n  t h e  rsnge of i n t e g r a t i o n  over  x, ~.rhicfi is conceivable, t h e  

--312 
l e f t  s i d e  of (C14a) could only decrease  even l e s s  r a p i ? l y  t:ian p . 
Consequently i t  haR been shown t h a t  t h e  continuum (non-bound s t a t e )  

c o n t r i b u t i o n  t o  t he  l e f t  s i d e  of (123) from the  reg ion  r' > r 

- 4 
assuredly  is  non-negl ig ib le  coxpared t o  1: , r;/!~icl> s u f f i c e s  t o  

demonstrate Eq. (123) cannot be  v a l i d  even i n  t h e  absence of bound 

s t a t e s .  

The preceding a n a l y s i s  a l s o  i m e d i a t e l y  Gemonstrates t h a t  Eq .  

(124a) bn.; heen deduced v i a  u n j u s t i f i e d  manipulat ions.  For  (!?!!a) 

t o  be j u s t i f i e d ,  i t  i s  necessary  t h a t  t h e  r' > r c o n t r i b u t i o n  t o  E q .  

.- 4 
( 4 2 )  be n e g l i g i b l e  compared t o  r . Thus, f o r  11. of (21a), and for 

1. 



t he  V12 i n t e r a c t i o n  i n  V I must  e s t ima te  t he  n a g n i t ~ r & e  of  i' /- 

i n  t he  range r' > r. nep lac inz  Y 
i 
('I 57 i ts  i n c i d e n t  p a r t  $, 

-- 

all2 performin2 the  i n t e z r a t i o n  over  d r  ' , o r , ~  ~ r r i - v e s  a t  p r e c i s e l y  - 12 

the  express ion  (ClOb) , 1?1?ich ?:as been shown t o  be  of o rde r  

Furthermore, t h e  aforementione4 preceding a n a l y s i s  i s  almost 

a s  imnediately q p l i c a b l e  t o  t h e  va1i.Ji.t-y of (125) , and t o  t he  

correspondin? In te rchange  of o r d e r  of  Ln teg r s t ion  and l i p i t  F +- 
CV 

i n  t he  e n t e r  of mass vers ion  n+ (h? . ) .  Tvjdent ly  tl-.c c s c t e r  of 

mass i n t e g r a l  ~&ic!: ~ T J  must b e  eva lua ted  w l - l l  reduce t o  the  analogue 

For the  c e n t e r  of mass in t e rchanges  under present: co i i s i6era t ion  t o  

L e  va l i d ,  tile c o n t r i b u t i o n  t o  (Ci'a: irom t h e  range r '  > r :;ill 

--5 / 2 :,ave t o  b e  negligible cori~pdrcd t o  r a t  l a r g e  r. hi ( ~ l G a ) ,  

'-b -- 
moreover, (116b) r e l a t e s  p' and q ' , s o  t h a t  now q12' = P '  ; ~ S O ,  12 

us ing  (go), now 



c o n s i s t e n t  w i th  ( 1 1 6 ~ ) .  Thus (C1Ga) reduces t o  

L e t t i n g  p' = xp, and comparing wit11 Eq.  (C9) , as  w e l l  a s  w i t h  t h e  

arguments reducing Eq.  (C12) t o  ( ~ 1 4 a ) ,  one s e e s  t h a t  ( ~ 1 7 b )  i s  of 

.- - 3 1 2  - -512 
orde r  p , i . e. , non-negligyi l c  compared t o  r 

-- 
It i s  completely obvious t5at t h e  r' > i con t r iSu t iou  t o  t he  

i n t e g r a l  (131a) involves  p r e c i s e l y  t h e  i n t e g r a l  ( ~ 1 6 4 ,  s o  t h a t  tile 

r e s u l t  j u s t  ob ta ined  a l s o  imp l i e s  t he  r' > r contriloution t o  (131a) 

-a312 Q - -3/2 
is of o rde r  p = gr 

C.5 Bound S t a t e  E f f e c t s  i n  T r a n s i t i o n  Arilplikudes 

To begin  t h i s  s e c t i o n ,  I examine t h e  r '  > r c o n t r i b u t i o n  t o  the 

l e f t  s i d e  of (123) a s s o c i a t e d  wi th  propagat ion  i n  two-body bound 



s t a t e s ,  ~ u c : ,  c o i ~ t r i b u t i o n s  werc , le l i ' , e ra te iy  ig.ioreG i n  t!le precedil ir ,  

s o  C Iil p a r t i c u l a r ,  C O L L - ~ ~ C ~ ,  e . g .  , t l ie  \' 12 teri ,~ oil t!i~ 

r ll 1 ~ r t  siLe of ( 1 2 3 ) ,  and supposc a LourL~l s t a t e  u .  J ( r  ~ 1 2 ~  ' e x i s  rs.  i ~ i c : : .  

tlic c o n t r i b u t i o n  i n  q u e s t i o n  i s  g iven  by [compare Cqs. (Bl?a) d i ~ d  

[ C i C a )  1 

T l ~ e  n o t a t i o n  i n  (Cl?) i s  conpl- icatcd Ly tlle f a c t  t h a t  r -+ 
Ad 1 1  2f 

[ r e c a l l  (123) 1, i ~ l i i l e  .=. r' i s  beconling i n f i n i t e  a l o n g  u12'. I x i ?  1 

r e t a i n  t h e  s u b s c r i p t  f f o r  tlie r - / 1 lif p r o c e s s ,  and t h e r c f  o r e  - 
- 

drop t l i i s  s u l , s c r i p t  from '11(- - ) ' ,  w i t h  t h e  u n d e r s t a n d i n g  t h a t  t h e  

- Jr -. (-1 ?; 
i n c i d e n t  wave + a s s o c i a t e d  wi t11  "12 is  [ r e c a l l  C q s .  (11511 

where t h e  primeti wave v e c t o r s  K t ,  I: ' a r e  a s s o c i a t e d  ~ r i t l l  tile 
~ 1 2 - J  

-- 
r '  3 co 1 1  :uV v ' , where I: p r o c e s s ;  moreover,  " ' = " 
w $12 j l? j -12 12 j 

s a t i s f i e s  (114b) . 
The i n c i d e n t  p a r t  (CIS) of 

1 2 j  
(-I* i n  (C18) v a n i s h e s  e x p o n e n t i a l l y  

a s  r -t I I v s o  t l i a t  F 
N - f '  1 2  j * i n  (C18) can be  r e p l a c e d  by i t s  s c a t t e r e d  

p a r t .  Thus (C13) reduces  t o  



>i',,::.;, 4 1; ~ i v c i - ~  Ly (132rJ) , w h i l e  ' Z p 7  is d c f i n c  by (A'i) . 1:q. 
I - 

(C20a) can be  rewrit ten as [ r e c a l l  E q s .  (C10) - ( C I P )  ] 

eir E 
dp'd 8- =V OP ' 

p"h 

where 5 [not. t o  be  confused w i t h  2 of E q s .  (171b) 1 is 

Consequently (C2nb) i s  esti;r.a&e,i i y  

1~31lere t h e  arguzent  proceeds along t h e  l i n e s  of C q s ,  (C12) - (C1C). 

T h e  r e s u l t  (C3l) i s  s m a l l  compared t o  the  continuum c o n t r i b u t i o n  

exacdnecl i n  s e c t i o n  C . 4 ,  b u t  d e f i n i t e l y  is  n o t  ncg1.igible compared 

?Tote t h a t  i f  one pursues t h e  above argument f o r  t h e  case  of a 

t h r e e  -loc?y bound s t a t e  u  t h e  r v  > r c o n t r i l u t i o n  i s  
J 

- ( .- j  ?'t 
negl . ig ib ie ,  For tiien [among o t h e r  changes ] Yt i n  (C1C) i s  ?2 j 

-IK" R 
replaced by precisely e -j(_1129~23) : i n  other  words % i n  (C18) 

n m  will contain no scattered p a r t ,  a r e s u l t  associated wiPlh the 

fact t h a t  tho Hmfi tonian is independent o f & ,  To the% result 

eorrespswde t h e  addi t ional  fact tha t  there 



a r e  no 6-funct ions i n  (120b) a s s o c i a t e d  wi th  three-body bound states.  

I a l s o  n o t e  t h a t  i n  t he  c e n t e r  of mass system the  analogues of 

-4-5 /2 
((218) - (C21) y i e l d  an r' 9 $ c o n t r i b u t i o n  of o rde r  7 as i s  

r e a d i l y  s een ;  consequently t h e  p o s s i b i l i t y  of propagat ion i n  two' 

body bound s t a t e s  a l s o  i n v a l i d a t e s  Eq.  (125). 

The bound s t a t e  r '  > r c o n t r i b u t i o n  t o  t h e  i n t e g r a l  (42) , f o r  

' i of ( 2 l a ) ,  is  est imated by 

where the  f i r s t  f a c t o r s  a r i s e  from G ('I= cF(') i n  (42) , and the  
i 

l a s t  f a c t o r s  from Yi ('). The i n t e g r a l  (C22) is  e s s e n t i a l l y  of t h e  

type  (ClOb), except  f o r  an e x t r a  f a c t o r  p 1-5/2 i n  t h e  infegrand .  

The r e f  o r e ,  r e c a l l i n g  (C12) , t h e  i n t e g r a l  (C22) behaves l i k e  

-3/2 -5/2 -4 
P P = p a t  l a r g e  p .  The corresponding r' 9 r c o n t r i b u t i o n  

t o  t he  c e n t e r  of mass ve r s ion  of (42) can b e  seen  t o  be  of o r d e r  

s t i l l  n o t  s u f f i c i e n t l y  r a p i d l y  decreas ing  t o  j u s t i f y  i n t e r -  

- 
change of o r d e r  of i n t e g r a t i o n  and l i m i t  ; -+ m I I yf .  

CI 
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Tfie first step is to derive Eq.  (1031, By the s m e  xemoniwg 

as Is used to derive (53a),  one can see thattae free-space 

Green's function hm the e q m e i o n  

where E q s .  (28d) and (35) define k12 in terms of she integration 

varihfes 5 ,  Here gp i e  the one-diamsional Green's f uactiora 

introduced in Eq. (103) which, direetaiy from the defining equation 



with  g12 defined as in (75). Thus 



Employing t h e  n o t a t i o n  of (A6) and ( A l l ) ,  t h e  i n t e g r a l  on t h e  r i g h t  

s i d e  of (D4)  t akes  t he  form (29) 

f 2 

where 

Now in t roduce  t h e  six-dimensional v e c t o r  2 a of E q .  ( ~ 1 2 ~ )  , and 
w l 2  w 

d e f i n e  t h e  corresponding s ix-dimensional  v e c t o r  s by 
Ad 

where p 1 2 >  3 2  
' a r e  def ined  as i n  ( ~ 4 )  . Then E q .  (104b) ho lds  ; a l s o ,  

.'=s 

as i n  (A12a) , 



:rlit?rc 3 i s  t h e  a n g l e  bct.ircen t h e  six-dimcr,sionrJ v c c t o r s  s ~ n r !  
I 'w 

I now in t roduce  s p h e r i c a l  c o o r d i n a t e s  i n  t h e  s ix - -d imens iona l  

'7e 
, - >  >12 s p a c e ,  w i t ? :  p o l a r  a x i s  a long  N :;. I k*l G i s  the t m i t  v e c t o r  
f- 

~7here a is a v e c t o r  of nngni-tude E s i n o l ,  i n  t?lc 5 rli-1cnsional 
& 7 

u A4 

s~~'-r ;pncc [OF t h e  o r i g i n a l  spaco  s ~ i b t c ~ t i e d  ?>y .-I' Y -1-2 !I ] o r t l ~ o g o n n l  t c ?  

Zt. I n  t11is -;ullspace p i c k  some ot l icr  u n i t  vccror 27 as p o l a r  a x i s  

f o r  a . Then, es in (D?) 
rl.  

-7hcrc R 7  i s  t5e ar,zle between c and G,. )?rsceedi.ng s i d l a r l y ,  59: 
P 2 Ni. 

i s  obvious t1,at  



where f t l s  f & , e u 9 V  a r e  or thogonal  u n i t  vec to r s  spanning the  space 4 
fd .A' 

of z, Jl2' and where t h e  angles  8 . . . , B range f rom O t o  n ,  bu t  1 ' 4 

One then s e e s  t h a t  t he  s ix-dimensional  volume element 

Using Eqs. (D8) and ( ~ 1 2 ) ,  and performing the  elementary i n t e g r a l s  

over  8 8 , 8  , 0  t h e  i n t e g r a l  (D5)  reduces t o  5 ' 4  3 2 

The i n t e g r a l  over  dB1 i n  (013) i s  Consequently,  Eqs. 

(Dl,) - -  (n9)  and (D13) are seen t o  y i e l d  E q .  (103) i n  the l i n l i t  

E -+- 0, remembering the d i scuss ion  fo l lo~: r ing  E q ,  (65a) , and recognizin=;  



t h a t  t he  i n t e g r a l  over  d r  " on t h e  r i g h t  s i d e  of (103) s u r e l y  converges 
~1 2 

because. V is  s h o r t  range. 
12 

Replacing J3 airld g on t h e  r i g h t  s i d e  of (1") by t h e i r  
6. P 

asympto t ic  forms (32) a t  l a r g e  R ,-12' r 212' gives  [as j u s t i f i e d  

preceding Eq . (105a) 1 

where r e p r e s e n t s  t h e  ( three-dimensional)  u n i t  v e c t o r  a long  
& 1 2 f  

v711ich r becomes i n f i n i t e  i n  magnitude, I n  ( ~ 1 4 )  , moreover, a t  
,12 

l a r g e  R and , q w e  have from (104a) 
N 



:?!icrciil p 7 ?  riv. IS t'lc -. ,ny3.ruic oL Liic vec tor  de f i rLcd  Ly thc  
.L 

1 :  into;:rill  o v e r  E 0x1 t ! l r  r side oi ( D l h )  no!; can  L E  

cv3l uct..\:! 5y i h e  nctilod of s t n t i o x ~ a r y  phase, remembering Eqs . 
(M) and (1341)) - ( lr i lfc)  s t i l l  ZioPcI. O F  c o u r s e ,  i x  t h i n  s e c t i o n  

C1~rilil;c tile s t a t i o n a r y  phase esti1;late (A13e) of t h e  X - i n t e g r a l  i n  

:.171:) ] :dl. cons t a x t  f a c t o r r  niust b e  c a r e f u l l y  r e t a i n e d .  3 e c a u s e  

! I  of (315),  n n l  Lecatlsc V ( r  ") keeps  r e f f e c t i v e l y  f i n i t e ,  one 
1 7  r l Z  12 

, ers  t ' . a t - -  a t  l a r g e  p r A12 ' 4-12 ' 812  ---the -5iitegrniid i n  (Dl[+) is  
#w 

a  eiuri of two terms each of v~lihich is s l o ~ , : l y  v a r y i n g  e x c e p t  f o r  a  
Q+ - 

r3piClly o s c i . l l a t i n g  f a c t o r  e , where 

,-7 i l - r r e f o r c ,  the p o i n t s  of s t a t i o n a r y  phase  s a t i s f y  
rtr 

Cq. (D17) shol,;.s t h a t  there i s  a p o i n t  of s t a t i o n a r y  phase  o n l y  f o r  

i++ 
the f a c t o r  i r -vo lv ing  e . Thfs s t a t r i o n a r y  phase  p o i n t  i s  t h e  

s i n g l e  p o s i t i v e  r o o t  o f  ( 0 l 7 ) ,  namely 



vhcre I '-.r:vc used (A( )  and, e .  g . , Eq .  (25d) . T!.IIS , recal l . :  :I;; t::c 

f ~ u t d a n c i ~ t n l  i l e f in i t io r t  ( 3 0 c )  of tl;e f i n a l  ::lave v e c t o r s ,  one sees 

thclt 

ruliere, i n  (910) , Kf and 1: I~SVF tIie3.r i i su~ l l  d e f i n i t i o n s  ( 2 8 ~ )  and 
12 f 

( 2 " ~ )  i n  terms of t h e  f i n a l  wave vec to r s  k 1 li 
& I f '  L2E' @3f' 

iIcnce t h e  e s t ima te  of t h e  rig?lt s i d e  of (?)I/+) v i a  t h e  metllod 

of s t a t i o n a r j  phase i s  

.i.iherc, i n  accordance w i t h  t he  p r i n c i p a l  of s t a t i o n a r y  phase 

and d i e r c ,  i n  (D?O), El-2f i s  s p c c i f i o d  as  i n  Eqs. ( l 0 5 ) ,  wi t i i  $12f 

t h e  usual. f i n a l  wave v e c t o r  def ined  by (23d) .  To o b t a i n  ( ~ 2 3 )  I 

:lave r:f:cd 



Furthermore,  one has  



Subetityting (D24) i n t o  (B20) , and again using (90~) to efBmPnatc 

5 2 f  ' the scationa'q phase estimate of the right side of (Dl41 

me result (D25) is equivalent to E q s .  (1851, notang that, from 

Eqs. (90a) - (90b) 



i f  ill i s  Lept  i i n i t c ,  tllc t r r  rlZk12 rlu:;t bc dro?pc' Fro-? 
: I 

l 

t l ~ e  e q u a t i o n  ("16) f o r  t:ie r a p i d l y  o s c i l l a t i n ~  phnsr-' f n c t o r  i' i n  

( n l I ~ )  ' i n  f a c t ,  T s '-ould n o t  Lnvn replacccl  g (r I- ,,") in ( P I  2) 
F I-12 ' w l  

by it; a n y n p t o t l c  5 c . r ~ .  l!oiiever, + + ( E )  - - 5 P12E :lac rio ? o i n t  of 

s t a t i n n a r j  phase. Tor d i r e c t j o n s  v = v t h e r e f o r e ,  where r 
w f  ~ 1 2 f ~  12 

remnfns  f l n i t c  , t h e  p r e c e d i n g  (?er!vntion n f  E q s  . ( l q 5 )  is i 1 7 c o r r e c t ~  

2vcn ihcn  no l ior~sd z t n t e s  11. (zI2) e : i i ~ t .  On t ' ie o th - I  'ianrl, i n  t h e  
3 

,911sence o f  suc!: 73o~?cl s t 2 t e s ,  t h e  d e s i r c d  a s y i , p t o t l c  1-ehavior of 

- Ct-) r: 
7 7 

( c - Y '  ;C) can ',e deduced f r o n  (117'2). I n o t e  f i r s t  o f  211 
r 4 - 3 

L ' i ' i t  t h e  i n t e z r a l  i n  (1127) Tp?ctars t o  converge rdlen gF(E  -4- if) 

-L- , - ~ p I ~ ~ c ~ ~ c l  g (+) ( ~ 2 )  F u s e  i n  (112a) of t h e  ~nrz1og:le of' 

A 
i ihe re ,  f ro r :~  (1 12c) ,  1: i? d e f i n e d  by 

12 

A P e zA B. E2 = h'~,, E. -+I k,, 

Ccccuse r I ' and q ,,' a11 now a r e  being- 1 eld f l n l t e ,  ~ p p P i c a t i o n  
A51 7 '  &I? 2'- 

of tile n;ethod of s t a L i o n a r y  phase i n  (D27) no77 Pnvolves ~ierc3.y 

f i l ~ , ~ i n ; ,  "LLe pofnt of stat lonary p!izlsz of  



A 
T : , i s  point of o t n t i o r i n r y  pl-ale 7: = 1: sat isf  l c s  

12 12f 

Y q . ,  (n3") doc<; bav- n so7 ution, namely lc ., = ", ti, \:'lfch corresponds, 1-1 
A A 

-crnrcl-fn;, "i ((D28), a value of " "12 1 K prcclsely identical 1 2  
A 

Consequently tile r i ~ h t  s t d e  of (D27) reduces  to [recall E q s .  

(D21) and (D24)] 



Employ inr  ("Yi) i n  ( ~ 3 3 )  w i t h  a  = ihq12, and r e c a l l i n g  ( ~ l h b )  , one 

sees (D??) i s  p r e c i s e l y  i d e n t i c a l  :lit?. ti le ri&t s i d e  of ( l l ~ a ) ,  

. ,< ~1 L . [ 4i r e c t l y  from Cqs . (?Q) 1 

I n o t e  t h a t  an a t t e m p t  t o  d e r i v e  Cqs. (105) s t a r t i n g  from (117a) 

as i n  tllis . ;ec t ion,  1 u t  now l e t t i n g  r + d o n :  n,.~Lth q runs  e l 2  J?. 9 

i n t o  r l i f f i c ~ ~ l  t i e s  ~ r h i c ? ~  p o s s i b l v  may c a s t  some doubt on the el:actne.;s 

of t l ~ e  r e s u l t  ( L l F a ) ,  h i i t  i rhich I (90 n o t  b e l i e v e  can d t e r  t h e  
- 

fundamentgl ( f o r  t h e  purposes  of t:iis \aorI7) c_ ipE/115/' BependenCe. 
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I wish t o  examine the  v a l i d i t y  of employing Eqs. (105) i n  (80c ) ,  

s o  a s  t o  y i e l d  t he  asymptot ic  f o m  of C(+)(_r ; r l )  (V a t  l a r g e  

r ? l a r g e  % q and r 
&# t' -12 &*. The asymptot ic  forms of t h e  f i r s t  f o u r  

terms on t h e  r i g h t  s i d e  of (80c) a l r eady  a r e  known, by v i r t u e  of 

Eqs. (30) and (105).  The problem i s  t o  j u s t i f y  t h e  u se  of (105) i n  

t h e  l t e r a t e d  ex?rcss ions  on t h e  r i g h t  s i d e  of  (80~). Consider ,  e ,g. ,  

t h e  r , r l  element of the  term 
U III 

where i t  i s  understood t h a t  t he  i n t e g r a l  over  L" i s  t o  b e  performed 

f i r s t .  Eqs, (In"; y i e l d  t h e  asymptot ic  form of t h e  ;,r" ' e3.ement - 
of G ~ ' ~ ' v ~ ~ G ~ ~  ('I' i n  t h e  l i m i t  t h a t  @ R1 .&A7 q and e l 2  r approach 

f n f f n i t y  11oLdfng 5" ' 'finite. !?ecalEing Appendix C, it is  c l e a r  

t h a t  u s e  of (9n.5) i n  (EL) w i l l  b e  j u s t i f i e d  provided the c o n t r i b u t j o n  

t o  t h e  r i g h t  s i d e  of (EL) from va lues  of r P v B  > r 1s negPigfRLe 

- 4 
compared t o  p a t  l a r g e  r. 



The argument fs very much as  i n  s e c t i o n  C . 1 .  I n o t e  f i r s t  t h a t  

because of t h e  f a c t o r  V2j(rtq') i n  (~l), s i g n i f i c a n t  c ~ a t r i b u t l o n s  
a 

t o  (El) a t  l a r g e  r '" can come only from those r"' approachins 
.-+ 

i n f i n i t y  along d i r e c t i o n s  v " '  wherein r "' remains f i n i t e .  >Text, 
"2 3 -23 

using (95) and (Al), I note t h a t  



,- Ll,us ~ . i  L , i ~  lii,,LL ;-lie l e T k  sL;ci (22' I' ' ' ~ c : ~ ~ i . s ~ ~  i x l f L L l i t e  

;a;, ?. c 'c .:::-XI Lrorn ::qs. (135) . l;xciu1iiLaiion of ';he derivatiuiL 3; 

- 
c7 :.>. -, {I") [ i l i  sec';ic;n 2,. I]  : r i l l  z:;n!:e i t  clear t;lai (1":) 

ia.ii1 ~illicl ';s t i i (  7 2 Lqild ev?;~ ~ ~ i ~ e n  tile direc ;iu- v along -2 3 

iJ;L-jc;, .K -'. Lu c c ~ ~ x e s i > ~ n d r ;  t o  I ioli i i l i ;  r,? I i n i ' i e ;  in particular, - ... - 
4-1, . 'Uec-u:.e I: bccol;ies infiiii"; ea1ong v,,, ~ , , e  results of a e c t i o l l  D . 2  ~ 1 . 2  -L J 

arc no t  germane 

LL ~ L l ~ c r  i;.iorclo, w i t h  r :is?2 ,'ixcCl, Tlqs . (l"5) imply 
.w 

z~il.td (15~) coiA;iilitcs to hold; liowever, because r,, ( 1 1  , lias been 
&&..) 

f P ?  7 9 1 1  i7 Y I ?  k ~ p t  fi~itr, ille VEC~OKS I:, , are i n ~ c ~ ; . e ~ a i _ k ~  
-i 8812:: 

:.,y. t l ~ e  coiii i i t ion I:, , , v .  -- . L i i c ~ ~ ~  eniploy ::cis . ( E 3 )  in (;I) , 
a#& ,.!. 



supposing f i r s t  t h a t  bound s t a t e s  ~ . ( f l r ? ~ )  e x i s t .  Tlien tlre behavior  
J 

of ( E l )  a t  l a r g e  r '  I.' z r i s  es t imated  by 

I n  ob ta in ing  (E4) from (El )  t he  l abo ra to ry  system analogues of Eqs. 

(115) have been used. I n  (E4)  , however, the d e t a i  1s of Eqs . (115) ---which 

g ive  t h e  p r e c i s e  dependence of l i m  G(+) (r CY I ; ,-+ r ' ) on $ ps r ' ' ' becomes 

i n f i n i t e  a long 2' "--are i r r e l e v a n t ;  t h e  a ~ l a l y s i s  which f o l l m ~ s  
i p " '  

uses  only t h e  f a c t  t h a t  t h i s  l i m i t  i s  p ropor t iona l  t o  e 

a r e s u l t  ~21ich h a r d l y  can b e  .questioned. I n  e f f e c t ,  t h e r e f o r e ,  

t h e  e s t ima te  (E4) of (El)  could have been w r i t t e n  down even wi thout  

foreknowledge of Eqs . (115) . 
I n  034) , P 1 1 1  ru 

= '23 " ' ,  here p ' ' '  is  t h e  2, 3 analogue of 
~ 2 3  

t h e  s ix-dimensional  v e c t o r  def ined  i n  ( ~ 4 ) ~  i . e . ,  

Moreover, making use of Eqs . (9Oc) and (C2) , and rernen~bering s23' ' ' 

is  remaining f i n i t e  as  R' " , q p g  " '  become i n f i n i t e ,  
ru, 



t o  t1.c o r d e r  O F  accraracy neccTcc? t o  e s t i m a t e  t i ic ? o ~ , i c a r ~ t  a s y m p t o t i c  

( -) 7't 

b e h a v i o r  OF ( F A ) .  7 i i ; i i l a r l y ,  a t  1 3 r g i  r - x~herc cjj in (C4) 
n 17 12f  

ulti~~'se1y is L G  be e v a l u a t e d  -- 

T ' I ~  ~ i ~ , : ~ t :  r ; idcl ;  of Eqqs. ( C h )  - ( 2 7 )  sho ;~  t l i a t  t:,e e x p r e s s i o n s  on 

t! '~ l ~ f t  s f d e s  of t ; ~ o s e  eq~=lt!orls 17::icll o c c u r  explicitly i n  (Eli:- - 

? t ' (  = V f !  r'nperid o111y on t h e  l i r e c t t o r l  o f  ,P?: ' 2 3  
$23 " '  , \lit not 

011 i t s  rl?clgnitilde. 'Yhcrcfore , nor? droppiilg the ciis t i n c t i o n  Letwee;; 

p f l v  --.? ? ' I T  , t:1(3 b e h a v i o r  of (Eli) a " i l a r c  e' " r is 
""' " 7 3  

e s t i m a t e d  5y 

, ! I C r C  :; 1 * 7 7 -  1 1 V P V  -: 9 $I?f 9 1: 1 2  F are independen t  of p ' " ,  

P I T  i Y no!" c I ; 6 m  [ s e e  b e l o . i ~ ]  t h a t  i n t c ~ ? - 3 t E c i n  o7-2r J v  d r i n g s  e-2 :: 
5 /?  

do  rn ; P?c:cr It-c;-ctising no iess r a p i d l y  t7;na, r , so  t : ~ a t  [ c o n ~ ~ a r c  



Eqs, (C2) - (C3) 1 t h e  i n t e g r a l  (EB) behaves l i k e  

2 
I n  (C3) , the f a c t o r  .J2(p /p12 , r e s u l t i n g  from e x p l i c i t l y  

performing the  i n t e g r a t i o n  over dv " i n  ( ~ 2 1 ,  a l s o  behaves l i k e  
@ 12 

12 
-512 'L = = r  -512e Thus (E9) behaves e s s e n t i a l l y  l i k e  ( ~ 3 ) ~  except  

-I 'L -1 
t h a t  (E9)  has  an e x t r a  f a c t o r  r12 - I- (remembering r q12 

each have f i x e d  2-dependent r a t i o s  t o  r a s  2 + 1 I 2). Uut ( ~ 3 )  

- 4 
has  been shmm t o  b e  of o rde r  r EIence (C9)--and consequently 

a l s o  the  c o n t r i b u t i o n  t o  (El )  represented  by (E4)--is of o rde r  

-5 -4  - 4  r a t  l a r g e  r ,  w11ich indeed i s  n e g l i g i b l e  compared t o  p = r 

An even s imp le r  argument [which P s h a l l  n o t  bo the r  t o  g ive  

i n  d e t a i l  h e r e ]  shows t h e  c o n t r i b u t i o n  t o  (El )  from r"' > r 

a s s o c i a t e d  wi th  three-body bound s t a t e  t e r n s  u (zZ3 9123 ) a l s o  
J 

- 5  
i s  aP orde r  r a t  l a r g e  r. A s  i n  s e c t i o n  C -1 [compare Eqs,  la) 

and (C5a) ] i n  t h e  absence of bound s t a t e s  t h e  r v  ' '  r c o n t r i b u t i o n  

t o  the  r i g h t  s f d e  of (El )  from r"'> r wf 19 decrease  even more 

-- 5 
r a p i d l y  than r . Therefore in te rchange  of o r d e r  of i n t e g r a t i o n  

and l i m i t  r -+ a is v a l i d  i n  ( E l ) ,  i . e . ,  d i r e c t  i n s e r t i o n  of (105) 

i n t o  (80~) i s  j u s t i f i e d .  

E . 1 . l  Reduction --- of ( E 8 )  - t o  (E3) 

I wish t o  j u s t i f y  t h e  c la im t h a t  i n t e g r a t i o n  over dz2?" '  

-5 / 2  
i n  (E8) br ings  do-i~n s f a c t o r  decreasing no less r ap id ly  t5an  r 

TI-t%s fn t eg re t t sn  over the six--dimensional element o f  s o l i d  angle  



a c t u a l l y  i n v o l v e s  i n t e g r a t i o n  o v e r  f i v e  a n g l e s  [ r e c a l l  Cq .  ( ~ 1 2 )  1. 
( S l  En g e n e r a l ,  each of t l iese  a n g l e s  w i l l  b e  r e p r e s e n t e d  i n  t h e  z23 - 

v v v  r- V I V  dependent q u m t i t i c s  if 312f  9 k 1 2 f v v 1  a p p e a r i n g  i n  tlle 

e x p o n e n t i a l s  i n  (E?,). Floreover, J'., q12, and r --rrllicli e n t e r  1 2  

l i n e a r l y  i n  t h e  exponents  of (C3)--each a r e  l a r g e  and p r o p o r t l o n a l  

t o  r. I n  g e n e r a l ,  t h e r e f o r e - - a p p e a l i n g  once a g a i n  t o  t h e  p r i n c i 7 l e  

of s t a t i o n a r y  phase--.each of t h e  f i v e  a n g u l a r  i n t e g r a t i o n s  o v e r  

d22 3 
' ' ' s h o u l d  b r i n g  down a  f a c t o r  d e c r e a s i n g  no more s lowly  t h a n  

r . F a i l u r e  t o  f i n d  a p o i n t  of s t a t i o n a r y  phase  i n  t h e  allm-red 

a n g u l a r  ranges  [quo ted  i n  s e c t i o n  D.  I], o r  extra h e r e t o f o r e  i g n o r e d  a n g u l a r -  

dependent  f a c t o r s  i n  t h e  in tegrancl  [ r e c a l l  t h e  remarks f o l l o v ~ i n g  

C q .  ( B 7 b ) ] ,  can on ly  cause  each a n g u l a r  i n t e g r a t i o n  t o  d e c r e a s e  more 

- l / 2  
r a p i d l y  than  s-"~. The s o l e  way t o  a v o i d  b r i n g i n g  do~~rn  an r 

f a c t o r  w i t h  each i n t e g r a t i o i l  o v e r  8 ( a  = 1,. . . ,5) is t o  liave t h e  
a  

i n t e g r a n d  i n  (I??) independen t  of t h a t  0 . Sucil independence i s  
a 

p e r f e c t l y  p o s s i b l e  , e s p e c i a l l y  i f  t h e  p o l a r  a x i s  i n  tfie tr5pl.c--  

prii!~ecl s p a c e  is  f a v o r a b l y  chosen r e l a t i ~ r e  t o  t h e  d i r e c t i o n  ,=# v a l o n g  

~.:hicli r + m. On t h e  o t h e r  Iiand, t h e  b a s i c  asymptotic 'ue';iavior o f  
/u 

t h e  i n t e g r a l  cannot  b e  a l t e r e d  merely by clioice of p o l a r  a x i s ;  iE, 

-5 / 2  
a s  seeris  c l e a r  from t h e  f o r e g o i n g  argument,  an  r dependence i s  

e x p e c t e d  w i t h  u n f a v o r a b l e  o r  a r b i t r a r y  clioice of p o l a r  a x i s ,  t7:er:--- 

1.i t!l f a v o r a 5 l e  c h o i c e  of p o l a r  c:ris e l l n i n a t i n g  an a n g l e  ( say  @5) 

-.I/? 
Fro21 tile e:iponentials  - -  t h e  a p p a r e n t l y  l o s t  r f a c t o r  from the 

i n t e g r a t i o n  o v e r  9 must b e  r c p i n c i l  d u r i n g  t l>e  r c r a i n i n g  i ; l t c g r a t i o n s  
P, 

o v e r  0 ,  , . . . , 0 4 .  Tor e::izrp1c, fn s e c t i o n  .I. 4 ,  r+t.li t h e  a i d  of an 
A 

9 .  appro;?r f .z te  c1i0i.c~ of p o l a r  a::+s For v , ;t ;,a, TG~I.:: p o ~ s i ' - l c  to 
.-dl? 



U T  s t a t i o n a q  p i i s s e  f o r  2h2 Lfi~ei;~;t ici , .  over Li,cac::: - 2 and 71, 

I 

w;,ei-~ ~ 1 ; ~  sinG',  f a c t o r  ;Iic j.iltcl:rancl oi (,417") v a L i ~ s : ~ e ~ ,  Y9.u~ 

Zroi.: s u i n g l z  a n g u l a r  i r , t e g r a t i o n .  

7 
i I:ellevc. "Lie ;oregoing a r g u n ~ c n t t h a t  (La) nus"i~'c3ducc t o  (L?) 

2; c j u i t c  gcilera1l.y c o r r e c t .  ::o;:ever, t v  elii::i ,nate a l l  do& t ,  1 

s j l n l l  d e t a i l  J . r i v a t i o f i  of (z?) zror.; t h e  s p e c i f i c  fo r r :~  ( I ;?') .  

'Ln ( Z 3 )  , the  volur~c z l e m c i ~ t  is tlle same as i n  (Zit)  , i. e .  , 

r:ccollcctirr;: L ~ S .  (LC) and (X?), one noT: sees C1at ttic i n t e g r a t i o n s  

1 7 1  over t i le  d i r e c t i o n s  of 1"' a n d g , ?  can be  performed e x p l i c i t l y .  
r+) &. 

T!lus ( C 3 )  becurcles , u s i n g  ( 3 9 ~ )  f o r  X, V I I  
i 

% 
q.,23' ' ' d e i i n c d  in ;zaiogy ~~li.;:. ) so t l : j ~  ( E j )  y i e l d s  



I 8'4 ill 

I $23  = sin 9 

I,!::i3rc .\ " ' + ; l ~ \ r  C ~ C  p o l a r  coor&natcs i n  the ( t~~o- -d i i - cns io i l a l )  

w T,vv 
R V q ' ,  q2? ' " plane. In this fashion (renert~bei-ing LX an2 2 3 ' ' 

, are i n  t r j n s i c ; l l y  p o s i t i v e )  , tile i n t e g r z l  ( E l n )  i n  t h e  domain 

r q  ' > r of prcscnt i n t e r e s t  can b e  r e w r i t t e n  a n  

t ~ l l ~ r c  '3 1' a2 '  
a3 are p o s i t i v e  cons t m t s  , (iry~endinp on t h e  il.asses 

77 

l / 2  
I on .,, c. g .  , a, = (2:~h') 

i. 
. The integral (E12a) reduces t o  

a sum of f o u r  Integrals  of form 



wl~erc el, c2, c3 are p o s i t i v e  nunlbers depenc'ing on t h e  d i r e c t i o n  

( i n  ni~~c--din?cnsionrrl  s p a c e )  witt i  which -- T h ~ : i  tlLe i n t e g r a l  o v e r  

(b i n  (El25) i s  a suni of f o u r  i n t e g r a l s  of form 

wi th  h and $ dependent on t h e  a ' s  and c ' s  b u t  n o t  on r. I n  p a r t i c u l a r ,  1 

Cut t h e  i n t e g r a l  (Cl4a)  !;as a p o i n t  of s t a t i o n a i y  phase a t  s i n ( $  - I$ ) = 0, 1 

i ~ h i c t ~  g e n e r a l l y  w i l l  n o t  c o i n c i d e  w i t h  9 o r  1~12 ,  and which s l iould  

P i e  i n  t h e  a l l o ~ ~ e d  range 3 < 4 < ~ / 2  f o r  a t  l e a s t  one of t h e  f o u r  

i n t e g r a l s  r e p r e s e n t c d  by (Z14a).  T h e r e f o r e  t h e  a n g u l a r  i n t e g r a t i o n  

-- E/2 i n  (Cl2bj  generally is  of o r d e r  r , r j i l i c?~  reduces  ( r , l 2 ~ > )  t o  

if'fi ip" 
l L  e e 



, 3 ,  

i~:licll IT; turn, usi::\: (',I:) , ;s prc~cisel l ;  o f  t!ic L i ' l  I ,  ( ' O )  ' .  . . 

I:-'? EL. (132) - - --- - - 
T .i7ish to shorr "chat t h c  interchange of o r a e r  of i n t e g r a t i o n  

mi' l i m i t  5 -t i n  (132) is unjus  t i f i c i l ,  even i n  t i c  absence of 

born8  s t n t c ? .  Tn o t h e r  ;rordrr [as i n  section C , / I ]  f o r  present 

purpoTeF T can 3 s s r c m ~  tl~at bc;~ind states do not e x i s t .  Cnder t l ~ c s c  

circumr;tanccs fie i' > 2 c o n t r i b u t i o n  t o  t h e  lrqt sic'c of (132) i s  

Tn (E16) ,  I ccause of t ? le  V 23'523 
' )  f ~ i c t o r ,  I necd t o  be concerned 

- 
only  iiit!, i' - >  along d i r e c t i o n s  2' A#?? v ' ' "tiur, as in (C16t) , 

where t h e  s u b s c r i p t  f on K ' [and on 'i; 
2  3E f 

(')* in (E16) 1 h e r e  corresponds 

- 
t o  d i r e c t i o n s  2' = Y ~ ~ ~ , ,  and b e a r s  no r e l a t i o n  t o  ji of (132) .  Now, i n  

(-I* ( E 1 6 ) ,  r ep l ace  if by q f * ?  and use  E q s .  (82) - ( B 3 ) .  Eq .  (E16) then 

r e d u c e s  t o  [ a f t e r  i n t e g r a t t n g  over r ' and proceeding as i n  E q s .  (Cl.6) - -2 3 

(C17) 1 



!:ence t h e  rP > c o n t r i b u t i o n  t o  (El.6) i s  es t i r ia tec!  by 

C o m , x r i n ~  v i t h  E q .  ( C f  7b) , one sees t h a t  ( ~ 4  ") i s  of o r d e r  

-- - 5 / ?  
P , i.e., riot s u f f i c i e n t l y  r a p i d l y  decreasing f o r  (132) t o  be  

valicl. T h i s  r c s u l t  i s  a l l  t l la?  i s  neede6 f o r  t : ~ e  Fur;>oses of t h e  

p r e s e n t  s e c t i o n .  For the purposes  of t l lc next s e c t i o n ,  however, 

~2nd also as a v n t t e r  of i n t e r e s t  i n  connec t ion  7 - i  t'i~ the physical. s i g n i f  icawces 

of. the (5 - f u n c t i o n s  (135) and ( 1 4 1 ) ,  it is worth m t i n g  t h a t  t he  > r 
c o n t r i ? > i ~ t i o n  t o  t h e  I c f t  s i d e  of (132) assoc ia te ( !  r ~ i t ' l  bound s t a t e  

.5/7 
p r o g a g n t i o n  i-, :in:;1;I;ible compnrcd t o  a , i t  11.2 ~~~~~~~~~r 
~ C Y +  (1*2'?) ?TO;: ( c C ) ,  only q t p c c s  t~ <r 1 arc r c  TG~ .~ .~ :> IP  i n t e r c s ' i -  

j -4.4' 



"17r I ~ I - O ~ ~ ~ , ~ ~ ~ C I L I  in , u c : ~  c: t a t c - ,  ( E 1 6 )  1s replace4 L;r [recLLl:! C q s .  

(115) , o r  compare T q ,  (A16a) 1 

One now f o l P o ~ . <  the  Pine:; of an argument g iven  i n  s e c t i o n s  C.3  

and C.5. Pro71 L q s .  (115) one s e e s  ? ( - ) J ' ( u )  i n  a  sum of two 
2 3 j f  * 

t c r m -  (1) * cs I n c f d e n t  partr p r o p o r t i o n a l  t o  u j ( r  e 2 3  ) , and tllus 

- 
~ 7 ; m i s l ~ i n g  exponent5 a l l y  8s r + m a long  of (132) , f o r  which 

f-f 

r -> a; ( i f )  i t s  s c a t t e r e d  p a r t ,  p r o p o r t i o n a l  t o  

- 
C' . ? " t a r ~ e  r, t h e r e f o r e ,  (C20) behaves l i k e  

,.il;., t'ie 1or .~er  Limit Gecause of (CT7a) ,  '~ '>lcl i  st i l l .  !loPds he re ,  xi;iri"c-- 

- -  
of tile q ' integratfon in t h e  form \- -\<:~ere y s  fs a cnns-i;int of 

3 3 



The i n t e g r a l  (E21) i s  i d e n t i c a l  with (&c%a), which [as s h m  i n  

s e c t i o n  B . l] can be  f ogarithKs%ca$ly d ivergent  off  - s h e l l ,  b u t  i s  

convergent on-she l f ,  the  c i r c u m t a n c e  of present  i n t e r e s t ,  Thus 

- 
t h e  result (E21) is  v a l i d ,  and demonstrates t h a t  the r" r 

c o n t r i b u t i o n  t o  the l e f t  s i d e  of (132) indeed i s  n e g l i g i b l e  compared 

--5 12 
t o  P I n  t h i s  connect%on 1 n o t e  & a t  the eons ide ra t ions  of t h e  

Pollswing s e c t i o n  could no& make (E21)  decrease less rap id ly  than  

-- 3 - -7f  2 
p ; actual ly  the p r e s u l t  probably is c o r r e c t ,  kmever, because 

(E29) s h m s  no sign of a po in t  of s t a t i o n a q  phase.  

1 c l o s e  t h i s  s e c t i o n  w i t h  s o m  parenthet ica l  remarks bea r ing  on the  

in te rchange  of o r d e r  of i n t e g r a t i o n  and limit i-d ; -+ I I if i n  the  i n t e g r a l s  

(162).  According t o  s e c t i o n  E.3 below, the  q u a n t i t i e s  5 '(') (i) i n  
aB 

- -2 
(162) a r e  of o rde r  p a t  large r. Comparing Eqs. (562) and (132), 

and r e f e r r i n g  t o  t h e  argolment l ead ing  from (E16)  to (EL9), i t  is  e l e a r  

- - 7 / 2  
t h a t  the  r '  9 con t r ibu t ion  t o  (162) n o m a l l y  will be  s f  o rde r  p 9 

i . e . ,  s u f f i c i e n t l y  r ap id ly  decreas ing  t o  j u s t i f y  in te rchange  of o r d e r  

- 
of  i n t e g r a t i o n  and l i m i t  -* - 1 1  2, i n  (1621; t he  e x i s t e n c e  of a po in t  

--, 
of s t a t i o n a q  phase,  as i n  s e c t i o n  E - 3  bel01.7, w i l l  make t h e  2' -+ r 

- -3 
c o n t r i b u t i o n  of o r d e r  p , s t i l l  s u f f i c i e n t l y  r a p i d  f o r  the  aforementioned 

in te rchange  i n  (162) t o  be v a l i d .  However, there  is  a d i f f i c u l t y  w i t h  

t h i s  a t t e ~ n p t  t o  j u s t i f y  Eqs, (165) v i a  an appeal  t o  (E19). As  s e c t i o n  

- 
E . 3  below d i scusses ,  QoiB 

- -2 ih(ij)  at large '("(;) a c t u a l l y  i s  of o r d e r  p e 
&' 

- 
p ,  where t h e  p r e c i s e  express ion  f o r  A i s  very complicated and not known, 

Therefore ,  the r '  > c o n t r i b u t i o n  to (16%) actually reduces t o  

in tegra l s  like 



- 
b u t  where t h e  possibility t h a t  c -. O along cer ta in  spec ia l  2 [ f o r  given f 

(31) is 
ki] cannot be r u l e d  o u t .  When c -. 0. tlic ~iemann-Lshesgue lemma 
," 

i r r e l e v a n t  [compare E q s ,  < C 4 )  and ( C l 2 )  - ( C L 4 )  1 and (E22) i s  of order 

- -5/2 - - 
P ar large r, In s t h e r  words, t he  r' > e a n r r i b u t i o n  t o  (162) may 

.- -5/2 - 
be s f  order p as 5 + - along cer ta in  special ; in which event -f9 

-- 
Elstarchange of o rde r  of integra"cion anti I l m - E t  ,i + m I / v would n o t  be  

-f 

legit inlate f o r  such  if. Note t h a t  we merely have no t  e l i m i n a t e d  the  

p o s s i b i l i t y  of such special  if; there is no particular reason to t h ink  

these  spec ia l  5 a c t u a l l y  occur, 
ri\Yf 

- s(+] Porn o f  @I-- ----- 
- s (4-1 In  t h i s  sect ion I ~'9ia91 show t h a t  I, 

P given by (69) has 

-2 r\. ,-2 - par t s  behaving like T = p a t  Large r, Consider a t y p i c a l  tern 

Because [us ing  (102a) E l ~ e  eontribrstiow t o  (E23) from t h e  inteegrateon 
- - - 5 /2  - domain r h  < behaves %$ke p as r -+ =?o, any con t r ibu t ion  t o  ( ~ 2 3 )  

- 
behaving l i k e  B - ~  must come from integration over ;' . r. I n  o ther  

words, in the present sectlola I am examiwir~g ~ehe vary smc  esntr ibut i r~ka 

as i n  t h e  previous sect%on E,2, HGYJ i n  sect-ion E, 2 it w a s  shown t h a t  

t h e  con t r ibu t ion  in question is of order p - 5 / 2 ,  which was  sufficient 

t o  show (132) 19 invaigLd., Hct~t2a/er, a3 has 'keen po in t ed  o u t  earlf er 

- 5  1% [ s e c t h n  C , % ] ,  che csnalus$on t h a t  ( E l 9 1  behaves l i k e  p 

assumes t h a t  t h e r e  ;% 170 pe?i:c .sf brataontsmy- pi-saklr- $a the  Iritegaation 



r atage y . p - (aT!esi f i r !  rr~tlrrt.frlg t i l a  now i l rxte j l ; rnl  I o n  vnc fnh  lc 

- 
= p vi); if t h e r e  ts such a point o f  s t a t f o n a q  phase, t h e  i n t e g r a l  

(~19)- -and  therefore t h e  rP  , contr ibut ion  t o  (E23)--will decrease 

more s l a r l y  then 6512. Hawever, t o  demonstrate that such a point  

of s t a t i o n a m  p k m e  r e a f l y  e ~ i s t s ,  t h e  analys is  i n  t h e  preceding 

s e c t i o n  is t o o  crude. I n  pa r t i cu l a r ,  the p a r m t e r  y [ f i r s t  

in t roduced  and def ined  i n  s e c t i o n  6,l.J is  i n s u f f i c i e n t l y  well- 

d e t e d n e d  t o  p e d t  a dec i s ion  t h a t  the  po in t  of atatiS"lnnaq phase 

lies wi th in- - ra ther  than without--$he range y - .: x .: m. FOP %he 

p u q o e e s  s f  t he  p re sen t  s e c t i o n ,  t h e r e f o r e ,  i t  is n o t  w e f u l  t o  

proceed es i n  s e c t i o n  E.2, where E " ) ( ; ; ; ' )  i n  (E23) w a s  i m e d i a t e l y  * ad 

rep laced  by its w y v t o t i e  % o m  at r9 >> % (in the absence of bound 

s t a t e s ) ,  thus  y i e l d i n g  the  previous s e c t i o n ' s  s t a r t i n g  p o i n t  (E%6), 

Ins t ead ,  1 argue as f o l l m s ,  1 a m  i n t e r e s t e d  i n  the  behavior  

of (E23) as  ;' + ra along direct ions  jZ3' along which E") (I;;') 
6 4  pr CI' 

behaves e s s e n t i a l l y  l i k e  E ~ ~ " )  (5;;'). #=s .-A I n  o t h e r  words, f a r  my 

present purposes, 8") i n  (E23) can be  replaced by G l 3  ('I [as a 

- 
according t o  sect ion E . 2 ,  where i t  was s h a r n  m a t t e r  of fact  by Gp 

that t h e  d o d n m t  asymptot ic  b e h w i o r  of (E23) s t e m  from the contimuurn 

propagat ion  of E'" 1. Equ iva len t ly ,  and more r igo rous ly ,  I can 

i t e r a t e  5") i n  @ 2 3 )  v ia  t h e  c e n t e r  of mass anelpgue of (63b), 

y i e l d i n g  



where the  i n t e g r a l s  i n  t he  braces  are t o  be  performed f i r s t ;  as u s u a l  

i n  t h i s  work, t he  manipulations i n  (E24), l i k e  t h e  manipulat ions i n  t h e  

d e r i v a t i  on of (67c) f  som (64b) , a r e  considered l e g i t i m a t e  because a l l  t h e  

i n t e g r d s  involved a r e  convergent a t  E = 0 .  I nex t  c laim [ see  subsec t ion  

- -2 
E .  3.2  below] t h a t  any p dependence a t  l a r g e  ; i n  the  f i r s t  term on t h e  

r i g h t  s i d e  of  (E24) cannot be cance l led  by t h e  l a s t  two t e r n  i n  (E24). 

Hy s t a r t i n g  p o i n t  f o r  t h i s  s e c t i o n ,  t h e r e f o r e ,  i s  



j.L~er2 ?; useti ( 7 7 )  and i:ie CCII";I?T 01 iid;; & i d l ~ ~ : i ~ d  3 f  (??) ,  3 i , i 1  

~ ~ ; l c r c  L I l c  2 ,  '1 al7ialol;uc o f  (3"; ~1c.iines. b,  in t c r - m s  of tlic jnLcy r,i t;c)ii 
6 7 

v;riaLle 1: I n  (E25b), and i n  tile renainder of this s c c t i o n ,  the 
~ 2 3 '  

dum,y IJ.~VC vectors 'r ':L4',> SZ3 a r e  t o  b e  d i s t i n g u i s h e J  fror,: iLe 
AI NL-2 

- .- 
inc ider l t  .i.;avc T T C C ~ O X S  I:. from t h e  f i n a l  wave v e c t o r s  1 [ c o r r c s p o n d i n ~  

"19 .; 1 
-. 

t o  v of (132)l ant1 from the wave v e c t o r s  k ' [cor respondfng  t o  
6wf ,+ f 

r '  + along some i t ] .  
P 

Recalling Eq. (40b) , 

d ~ '  = dr '  dS;, 
M A9 23 

= d-r' dt' 
"23 d l 2  

V - l  -L ,us ,  u s i n g  a l s o  (22) , the  integral on t h e  rigii t s ide of (E25b) ta!.es 

t:ie form 

At this p o i n t  I s l ia l l  i n t e r c h a n g e  tlie o r d e r  of i n t e g r a t i o n  o v e r  cg?? - 4 

and dzz3' df12v9 on t h e  basis ( s ec t ions  2.2 and A.8)  t h a t  t h e  result 

of t l ~ i s  i i ~ t c r c l l n i ~ g ~  leads t o  a convergent  expression, the  i n t e g r a l  

(5?_6a), ::1,5.ci1 i s  i d e n t i c a l  w i t h  (E25a), i s  of c o u r s e  Icnown t o  be  

convergent even a t  E = 0 [sect ion B .I], h e e  the above Pnterchinwge is  

p e r f o r m d ,  it is obvious chat  the l i m i t  E -+ O again can be taken under 

the  i n t eg ra l  sf@, y ie ld ing ,  in place of (E26a) 



T Les i r c  t l ie asym?tntic y.~z17L~.c of (1:?.h'o) a t  l a r g e  r E ::3,,9q,.,,,. 
,w U, J d . 2 2  

In pursuit of dlis objective, I nc?eil ;iot ---and sliouli! not--make ariy 

i7;r:cdintc approxin:atior t o  t! c vnlue of the integranc' i n  (T?hL) at 

'1 71";~ a, ,  [ a s  was r!one in secSoo?: E .a . TIo~,.ever, because of tlle 
&- 

factor " (r ' )  , tile Green's function gZ3 33 w23 
i n  (L25b) can b e  

rc;.lnccd by i t s  asyrlptot ic  forn a t  l2r;e r I n  iliis fash ion  one w73 '  

where B, i s  a :~rel1--5ehavcd; f u n c t i o n ,  and n denotes cite : l i r e c t i o n ,  
J. 3f 

72 three--,-l.imci;sion,:L ;.l-iysical s p a t e ,  along x:I~ic!-~ ' ieccr!zs i n f i i ~ i t e ,  331: 



Ilence (E2Qb) h a s  t h e  form 

1711ie'z i s  7cept convergent  a s  K23 f a by the f a c t  t h a t  

- +2., is d e f i n e d  t o  b e  p o s i t k v e  i r n a g i n a q  .;.;lflen T: < 
2 

.'23 'ZplP,. 

A c t u a l l y  r2 i s  a s i n g u l a r  f u n c t i o n  o f  t h e  a n g l e s  i n  dl' @-2 3 " a s  

is  s h o r ~ ~  Lelov .  Suppose f o r  t h e  moment, horrever, t h a t  F2 i s  a w e l l -  

- 
behaved f u n c t i o n ,  Then a t  Barge 2 t h e  ( c o n p a r a t i v e l y )  s l o ~ i  a n g u l a r  

depen:?ence o f  PIP2 Fn (E23)  can b e  i g n o r e d ,  i n  accorclance w i t h  the 

rcriarks made a t  t h e  enil 05 s e c t i o n  A.  4 .  Thus t h e  i n t e g r a l  (E2G) 

L ell s v e s  l i k e  



.\I t c r n a t i v c l y  , I can i n s e r t  tlic c. xponc:ion 
( 4 0 )  

i n t o  (E28), where t h e  PQ a r e  Legendre polynomials i n  the  angle  between 

end,$23. Then, performing me angular  i n t e g r a t i o n  i n  ( ~ 2 8 ) ~  and 

r ep lac ing  the  s p h e r i c a l  Bessel func t ions  by t h e i r  a s p p t o t i c  forms 

a t  l a r g e  K q aga in  yields (E3Q) . By e i t h e r  rou te ,  having 23 23 '  

a r r i v e d  a t  ( E 3 \ 3 ) ,  t h e  i n t e g r a l .  over  '-' t l l e r e i n  can t;e evaluatecl  !,y "2 3 

t h e  m,et~iocl of s t a t i o n a r y  phase .  The r a p i d l y  o s c i l l a t i n g  f a c t o r  

e i n  ( C 3 0 )  i s  e s s e n t i a l l y  of tltc same form as t h e  correspond in^; 

f a c t o r  t r e a t e d  i n  s e c t i o n  D . 1  [conpare  E q .  ( D l 6 ) f ,  and t h e  a n a l y s i s  

i n  t h a t  s e c t i o n  i s  a p p l i c a b l e .  There  is  no need t o  go through a l l  

t h e  d e t a i l s  h e r e ,  however,  because  o!>viousl j7 t h e  i n t e g r a l  on t l lc  

. r 9 
r l z l ~ t  s i t l c  of (CY) call d e c r e a s e  no l e s s  s l o ~ ~ l 7  t!inr. 3 - /- 

-- 2 
I t  follo.c\~s t!-lat any T clecpentience of ( E 2 5 )  can a r i s e  on ly  

f ror i  tlle s i n g u l a r  p a r t  o f  F, ('c ) S i n c e  
'. k l 2 f > & l  

where a can 1;c presumed t o  be  ~ic l l - -belxaved,  L conc lude ,  j u s t  as 1 

i n  t h e  a!)ove t r a n s - l t i o n  from (E?4)  t o  (C3Q)  , t k a t  

(r 3 ?a?  



where F? presumably is well-Eclinved. Correspondingly, the integral 

(E2611) has a contribution w h f c ! ~  cannot be put in tlie form (C2S),  but 

instead must be written as 

I remark t h a t  [ a s  has  been d iscussed  in s e c t i o n  5-11 the  non- 

convergent i n t e g r a l  (E33a) u sua l ly  i s  i n t e r p r e t e d  ( 4 2 )  SO a s  t o  add t o  

(E34a) t he  p r i n c i p a l  p a r t  of a second i n t e g r a l ,  whose in t eg rand  

conta ins  t he  s i n g u l a r  f a c t o r  (Q1 - klZi ) Ignor ing  t h i s  p o s s i b l e  

p r i n c i p a l  p a r t  c o n t r i b u t i o n  t o  (E34a) does n o t  a f f e c t  t h e  subsequent 

a n a f y s i s ,  however, a s  t h e  c o m e n t s  a t  t he  v e q  end of t h i s  s e c t i o n  

E.3.E make c l e a r .  



P ( r ? / a )  - u (!?""),-!,ere ~i,, n s s ~ l r . - d  ; ~ c l l - b c 1 ~ , ~ ~ ~ ~ ?  --I 

cnl loot  yct clninl ;::at t h e  nngulzr--dnpenil;rt f o c t r n  - c o n p r r a t i ~ r c l - ~  

- .,- .p? ' :7 j -  7 qry.rjrinf: _ ~ t  T2rl;? i-. t7.e ' + - - C ~  

.& ' I.c~L,>,~~ over t h c  6-function nu r ; t  

'->c p e r ? ~ ~ ~ ? d  f r n t .  l o  ,!G s . ~  iat-oiyucc " i q  a fntcnrat-Oi 
Pi1 

varS nh 1.- , rcp9.ncl n;; ;*3. " Y':ei~ (E34a )  becolxcs [ w i t h  d ~ e  a i d  of (E26c) ] 



h 

T!le P n ~ e g r a l  o v e r  dn i n  ( C 3 4 c )  IIOT: can be e v n l u ~ t e d  a s  f o l l o ~ r s .  
el 

T 7  Choosc as t h e  p o l a r  a x i s  f o r  fi (and o 'c l~er  v e c t o r s ) ,  s o  t h a t  
a w l  

A k,? ic independen t  of 
,A 

$ 1 ~  
t h e  azirluth a n ~ f c  of . Ti~en---no.i*? 

8-1 

l e g i t i r ! a t e l y  J g ~ ~ o r i n ~  t h e  s l o ~ : l y  v a r y i n g  F 1 3  P factor--the behavior 

of  ( ~ 3 4 ~ )  a t  l a r g e  is  seen Lo Le given  by A 

+ sqSYns -($,-p.,) 
ikDyz3 ikai?as % 6 I tiinbd+[e I e 

'i,?icre, 01 c o u r s e ,  P arc. the s p l i e r i c a l  c o o r 2 i n a t e  ai lgles of 
q f  . $qf 

:??a T h r  f n t r . ~ r a ~  (Z36a) reduces to [ n e g l e c t i n ?  i n e s s e n t i z l  f a c t o r s ]  



.~lli.c!. rt l.:irge q23 is a sur of t ~ ~ o  integrals p r o p o r t l m a l  to 

I 1 FIF3 ;lad been retained i ~ i  (U?i la),  t;le i n t e g r a l  

A 
OTPCZ. $, i ~ i  (E?6a) . i ~ o ~ l l d  b e  perfornctl u:;L;~c t' e rnet;lod 0.7 stationary 

.L 

TI-7:s one \-7ould regain (E3'7c) , c;:czpt that tlte 2ntey;rands would lie 

/a 
a 1 ~ 7 l  t i ? E  c d  F757 FIF3 evnlirateir a t  t:~e values oT Q s a t i q f y i n g  P 

(E'375) . 
Thc iutei;sals ( C 7 6 c )  linve t!le rorrl  



\:l~icli ay,nln can 1)c cvnl i ln tcd lly tllc ;,r\ti~acl 01 s t a t i o n a r y  phnqc.. I 

f i r r ; t  Jci~onstralo- - '15 i s  imt)cjrt.rnl and no t  oi:vlous tliat k 2 3 in 

A 
(E38)  i s  real i n  tlic i n r e g r r t i o n  ranye 0 2 2 i r .  From ( r ? 5 b ) ,  

:~11ich, u s inc  E q s  . (23) and (35) , can b e  r e w r i t t e n  a s  

/a 
T11e mi-nimum value  of (E3qb) , a t  cos0 = -1, i s  1 

Conseq~lentLy k i n  (E33) d v ~ a y s  is  real, as a s se r t ed .  
2 3 

IIence t l ~ e  po in t s  of s ta 'c ionary ?!lase i n  (93&) a r e  t h e  roo t s  of 

4 aim --. O ~ 2 3 & 2 3  -- \ Z i  vz3  
d%, 

or, 71ni ng (E3":-?$ , ar 
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tlkl-rt c'i.-.c.nsi ons reprcse::rc:fT i i i  <1': ,,I ti. t!.ra. Tli~i:: , \?'>PI-P;~T L!l 

& ? I  

- 3 / 7  
i r - i t cyra t ions  i n  (CZ?) br!ny (iw.-r ail e x t r a  f a c t o r  of or i lcr  T; y 

the in te i ; r a t ions  i l l  (E25a) b r i n ~  do.irn a  f a c t o r  o n l y  of orcfcr 

E .3 .2  Neglected Term i n  Eq. (E24) 

T11e p r e c e d i n g  :;n'usection comp!.etes t h e  demons t ra t ion  t h a t  the 

&(Ql - ) ?art  of I?,, C q .  (C27b), na?:~s n c o n t r i b u t i o n  of o r d e r  
& 

2. 6 t o  (E23). To ::chieve t h e  primary o1) jec t ive  of tT?is s e c t i o n ,  

tlrcre rcr-riT:,n? on1y t o  S%OTJ t h a t  t l ?ese  z p p a r e n t l y  n o t  s e l f - c a n c e l l i n g  

7 - '- 
9 c o n t r i b u t t o n s  a l s o  cannot  ?>e c n i ~ c e l l e d  by t ! ~ e  h e r e t o f o r e  

nc::!cctciJ, l a s t  two t e r n s  on t h e  r i g h t  s i d e  of (E24).  Cons idcr ,  e .  6. 

tlic t e r n  

from ( E 2 4 ) ,  r~!;erc ?(;) i s  d e f i n e d  by (E23).  4s i n  t h e  c a s e  of (E23) 

-?  
itsclf, any 7 c o r ~ t r i b u t i o ~ .  t o  ( C 4 1 a )  must cone from i n t e g r a t i o n  

over t h e  domain r' > %. '1: no:  cnr, proceed as  i n  sec t lo iz  E. 2 .  I n  

a ) ,  11ecai:;e of t5e Tr31(531v) f a c t o r ,  I n e ~ C  b e  concerned on ly  

-- 
,-i p l  r t  

- - ("1 
-t a l o n z  A i r e ~ t i ~ i ~ ~  2' = v i".lon,o; such d i r e c t i o n s ,  

3 1  ' 7 

cannot  ; , ro-pa~atc  i n  bouilcl s t ~ t c s .  Thus t h e  r ' > ; c o n t r i b u t i o n  t o  

(C41n) i s  e s t i n a t c :  ?jy 



where, fn accor?mr<~ with the rest-lts of t h e  p'rcccdfn~ sul-section, 

ten1 in (E/ l ' la)  ; if tflc possiblc carcc'lni-! on under present ?: scus;ion 

TTerc to occur, it only 7.-ouEd nake Li(r) cI~crc3sc r lore rapidly thar 
6v 

--2 ?., 

r . ! O X J ,  c o r p a r i n f  E q s .  (E26) - (ELO) wit11 (EbT1.), it is clear 

that: ( C 4 1 t : )  r r ; 1 3  il Crcnnc no lore  slo17ly t113n 7; ', c\verl ar,s~imin_n 

t l in t -  1.: was the c, qt? for 5(:! S t q n l F  -t5:e c r u d e  analysis d o n ?  t'.e 

lines of section E,?, ~r3ich leads to the corlcl[~~.;fnn (F4I.b) is of 

order -'/', !.as o~rlooked ti:. ?m-encc of a yoint of stationrr), 

T t h 2s demonstrated, t h e r e f o r e ,  t h a t  t h e r e  are c o n t r i b u t i o n s  t o  

f i  c (4-? 2 2, ,-? 
i 

~ 5 v e n  Iby ( 6 " )  x,rhid~ bchn-rr? lil-e? = p at l a r y e  r ,  

3.E .D. 

E . 4  Der iva t ion  of E q s .  (175) - 
1 s t a r t  from Eq.  (270c) ,  t o  whi ch E q .  (170e) has  been reduced. 

Reca l l ing  Eqs. (130) and (131e) - (131 i ) ,  we s e e  t h a t  5n ( 1 7 0 ~ )  

where we have employed the  n o t a t i o n  sf  E q s .  (17Sa) and ( 1 7 2 ~ ) ~  Moreover, 

from E q *  (L31g) 



The second i n t e g r a l  i n  (E44) is  convergent [except  a t  A 
2 2 

= k12% , "S 
expla ined  i n  t he  t e x t  i n  connection wi th  t h e  i n t e g r a l  s f  the q u a n t i t y  

i n s i d e  the  braces  of Eq. ( l72a)  1, prbvided the  q u m t i t y  w i t h i n  t h e  

b races  of (E44) is  t r e a t e d  a s  a  s i n g l e  zll-dependent func t ion .  The non- 

convergent p a r t  sf t h e  f i r s t  i n t e g r a l  i n  (E44) i s  s u b t r a c t e d  away via 

the  fol lowing manipulat ions.  We know 

where P t he  Legendre p o l y n o d a l  of o r d e r  R ,  depends only on the  cosine 
R > 

of t he  angle  between v12 and v wi th  A = Using w e l l  known 
w *A 6. 

p r o p e r t i e s  of P as w e l l  as the  asympto t ic  (large r ) dependence ( 3  4 )  
R '  12 

of the s p h e r i c a l  Bessel funct ions  



it can be seen ( 3 5 )  t h a t  

- L  qL-b 
f i  -- 
f- I L + u o l ' ? L  

9.h 

~ r l  i, 
251 g j  qLr pA) e - - -  .* ---.----- - - A 

*. 

A W * cx. (E46b) 
TI.. 

Thus 



w i t h i n  the  braces is  treated l i k e  a s i n g l e  

512 -dependent f u n c t i o n ,  t he  f i r s t  i n t e g r a l  i n  ( E 4 7 )  [ l i k e  the  second 

L 
i n t e g r a l  i n  ( E 4 4 )  1 converges except  a t  LiL = klli . Combining Bqs .  

(E42) , (E44) and ( E 4 7 )  --af t e r  performing the  t r i v i a l  angu la r  i n t e g r a t i o n s  

over  v i n  t h e  6(vI2 2 v ) terms of (E47)--then i m e d i a t e l y  y i e l d s  12 ,-A 

E q ,  (172a) . 
To s e e  how the d ive rgen t  one-dimensional i n t e g r a l s  i n  (192a) should  

be i n t e r p r e t e d ,  one a rgues  a s  fo l lows ,  

N o w  cons ide r  t h e  behavior--as a func t ion  of k--of t he  quantity i n s i d e  the  

b races  of ($48) when R becomes very l a r g e .  Evident ly  t h e  term J 
becomes very r a p i d l y  o s c i l l a t i n g ,  wi th  average va lue  zero ,  except  i n  t h e  

v i c i n i t y  s f  k = 0 .  Therefore ,  s i n c e  

- oc, 

i t  is reasonable t o  w r i t e  

as f s w e 1 1  known ( 4 3 )  Similarly,  the q u a n t i t y  (cos kR - 1) i n  (E48)  is  

very r ap id ly  oscillating, w i t h  average value - 1, except for values of k 

i n  t h e  range / k /  R where f o r  every R the  average va lue  of (cos kR - 1) 



tends t o  zexo as k - 0. Consequently it a l so  is reasonable t o  wri te  

Eqs . (49) are equ iva l en t  t o  Eqs. (173) , recognizing t h a t  6 (k) = 0 f o r  

k ;Ir 0. Of course ,  because of t he  i n f i n i t e l y  r ap id  o s c i l l a t i o n s  a s  R + m, 

the  limits on the  l e f t  s i d e s  of (E49a) and (E49b) do not  r e a l l y  e x i s t  i n  

a mathematical ly  s t r i c t  sense .  However, under circumstances when these  

o s c i l l a t i o n s  average out [ a s ,  e.g., when i n t e g r a t i n g  over  k ]  o r  f o r  o t h e r  

reasons can b e  d is regarded ,  t he  r i g h t  s i d e s  of (E49a) - (E49b) a r e  t h e  

only p l a u s i b l e  va lues  one can a s s ign  t o  t h e  corresponding q u a n t i t i e s  on 

the  l e f t  s i d e s .  

When Eqs. (173) are combined wi th  Eqs. (E42), (E44) and (172a) ,  one 

2 
ob ta ins  [ f o r  A $ k12i2 I 

where t h e  q u a n t i t i e s  on the  r i g h t  s i d e  of (E50) a r e  given by t h e  r i g h t  

s i d e s  of ( l75b)  and (P76b). But s i n c e  t h e  r i g h t  s i d e  s f  ( l76b)  is a sum 

of 6- func t ions ,  i . e . ,  has  no f i n i t e  p a r t ,  t he  d i scuss ion  connected wi th  

E q .  ( l69a)  i n d i c a t e s  t he  r i g h t  s i d e  of (E76b) indeed must be wholly a 

c o n t r i b u t i o n  t o  t h a t  p a r t  of ts(ki + kf)  which has been remed Ta(ki + k r ) .  

Having come to t h i s  conclusion,  t h e  isng-ssughr f o m u l a s  (175) f o r  

?'(k +- kf )  fallow immediately. 
-i 



P. nrrmber o f  tE0 retrrarlcr; i n  t h e  t e x t  concerning the n f r e -  

d fmensiona3. sp3ec c;?anned by r r ;is x ~ e l l  as i t s  sir - 
,19 2 3 9  

dimensional subspace "orthogonal  t o  grn deserve some c l a r i f i c a t i o n .  

I n  p a r t i c u l a r ,  t h e  r e l a t i o n s h i p  between p de f ine6  by (25d) and p 
(r AI 

given by C q .  (102d) i s  n o t  wholly appareilt from anything sa i t i  i n  t he  

t ex t  thus f a r .  

Po in t s  i n  t h e  nine-dimensional con f igu ra t ion  space of p a r t i c l e s  

1, 2 ,  3 a r e  s p e c i f i e d  by the t h r e e  -dimen3ional vec to r s  rl, z3. 
'Elat i s  t o  say, tllc nine-dimensional space  can be  thought t o  con ta in  

kc i nine  mutually or thogonal  u n i t  v e c t o r s  si, il, kc, A2 i2 &*, _ 3 ,  

j k3,  i n  terms of which the  nine--dinen; ionnl  vec to r  r can be  -3 ' W 

writteen as 

' $% 5% (PI)  +=t -; @"3 o.c,i,@ y4z@i,~,@x3i3@3S33 3-3 r, * ' I P @  .c 

r~liere the  @ specl f  i e s  vec to r  a d d i t i o n  i n  t h e  nine-diiilensionai 

space ,  t o  be  d i s t i ngu i shed  from the  ord inary  p lus  s i g n  s i g n i f y i n g  

acidition of three--dimensional v e c t o r s ,  a;, e .  g. , Lil ZZqs. (28) -(20). 

It is conveniang t c  denote t h e  coordinate s i n  ~ l l i s  nine--di lnensiond 

space  by s a = I,. . . ,3, I n  tile o rde r  r i s p e c t i v e l y  :cL, X 2 $  X 3 9  
a ' 

y1 y2 y3  zl' z2 z3 .  S i m i l a r l y ,  t h e  nLne- di i , iensioi~al  u n i t  vectors 

5. e t c .  w i l l  be 6enate.J by v a = 1,. . . ,9, I n  tILe o rde r  k2, N..39 wa > 

Then (F i )  can b e  r e w r i t t e n  as  



*:.e;:c T L-~(x? U ~ ~ C  ~ ~ ~ t r i ; <  [ l i t ; ;  .; & C ~ S U T . ~ I  ;-:<~LXL;. co~ljjt>.;<!c; ~f 

/ ? ? )  
\ -  - ,  , . . . , :. , nii2 7 - I .  t rmls ;oic  01 c:.e ~ol?:.i,iii v -- -now composed 

2 IV" * 

inc?-pcni'.c-.,: .jz ? 5, Z i i t i ~ i i l  l:y :?:itiiic (F?.) i n  LCTI;G OI:, e . ~ .  , ?, i', ,, , 
CV --A& 

- ,,,. l ' u r c  p r e c i ~ c 1 . y ~  define t i i i  p r i l , , i t i  q t a i i t i t i e s  s ,  ' , . . . , r ; , ?  Ly 
& ..-. I 

Then s '  and s a r c  rclarci  by a n i n e  c!imcnsional l i nea r  t r a n s f o r m a t i o n  

where ,  from Yc, , .  (L3)  (2:a) and (2?'.,), dlc ? x I? nLaLr iy .  



* .  s r ~ b s p a c c  of vcc'ioi-s dcpc-;i;,ln;; 0iil;- oil r q ?'utCirtg K = ,n 
~ 1 2 ~  -12' ,122 5 1 2  

i n  (T5;:) y i c l d a  Cl-:c Liiree-- Ji.zensionTizl sul,spacc of ~ 2 c t o r . s  dn,pcnding 

o n l y  oi; ". ;:c-,:ever, because  :! from :cis. (1'4) is n o t  
N 

or~:~ogo;-1~.3  t~a~~:;I0i^l~idt;011, tile suLspacc i n J ~ p c n J e n t  of .v 7, i s  n o t  

o r t ; ~ c ; c n , ~ l  3.1-1 ~r,e usual s e n s e  t o  t!ic su'br;pace depending only on ?.. 
4 

To : z c;;;ct, "Lie s c z l a r  p r o d u c t  !etliccn a vector depending 0i11.y oil 

h 
,i,ii: a v c c t o r  indcpcnden t  of ? need uoi; b e  ze ro .  

a- AT 

T. 
i or this rcnson ,  it is  u s e f u l  t o  i n t r o d u c e  2 ne:: ~~ine--di ; ; ;e i ; s io i~al  

s p a c e  sp,lnr;er~ ;y A, " blZ9 -- 4 , " .  ? ' ~ i i i ~ s  r '  i n  t ? . i n  secoii.: nine- 
kr A, 

.'L:ncnr;Loi-;,a1 r; pace cnn L;c? : : rLt  te,; nn 

~111ere hl ' ' , dl', e t c .  arc a s c i  of n i n e  rautual ly  o r t k o g o n a l  u n i t  

viictori; i n  tlic sccc;ld s i izce ,  i;;i;ose orc!cring i n  texas 0 1  v ' is 
@a 

o!>vious. The JiYlrcirili~cc betc.~een (P6) and (F5a) lies s o l e l y  i n  

t:jp fa(-= j ~ l 1 i - j ~  T?v  
/V 

s' i n  (I?) have bceii cl;o:;~n o r c h s n o ~ w a P ~ , ? ~  L r e s u l t ,  tllc prirr.ed 

spacc  i r ;  cs~\>ii'il;l!.!.y Gifferen-2 froi.: the i;nari;;ic;! :;,>act, i. c. , 



7 1 d i ? : ; c n r ; i o n ~ l  ~ i , ~ ~ t i o n ; ;  of ;,ur"iclL::; .L, , , 3 cailao!: 5c i d e n t i c a b  

~ : ; c  s ci,i~ I:i;nnitiide and d i r e c t i o n )  i i i n i  .!im:nsTonal v e c t o r s  . 

i i epend in~;  on ly  on oLvio:isly zre ort!logonal. 

On t l ic other lian:, tlie p r i n c d  and unprimc,l s p a c e s  car. Le i?:aZc 

ideiitical 'u\i s i r l p l c  t r e n s f o r m n t i o n s .  3pecificnlly, t o  cvcrj7 p o i n r  

i n  tile n ine  -<I ' m e n ~ i c r ~ a l  8- r s ~ a c e  t l l e re  cor rcspon! .~  a ninc--ail l c n s i o n a l  

p o i n t  



T!;ci> p mt? p ' C ~ X  :,\ i:;3!-?~ ic !e~ l t i cd  ~li l ie-C:ir~er~sior~;i . l  vectors  5.~7 
I" @' 

J2 Fii~iily> ctcltl;~tio!:s , one can verify t h n t  





Tlle <?hove prover, t b a t  p '  inclcec' c m  h c  vadc i d e n t i c a l  .crFtE. p .  
A' 'Cc 

9 : c e  t!?is resl: l t ,  'i~Ilic!7 docs r e q u i r e  p roo f ,  i s  ir, I ~ a a d ,  i t  follo~~s 

t!~at p define? by (25d) can bc : ~ r i t t e n  i n  t h e   for::^ 
4 

wl:ere /7 is  g i ~ , r ~ n  by (3.03.c), mi? t l i e re fore  rcally h a s  t11e des i red  
W 

p.ropertie.; of being indc?enc'.ent of -3s :re11 as or thogonal  t o . -  -p .  
,w 

Tl:e scco;d e q u a l i  t y  i n  (3.32~1) then  follo.c:s by syrmetry , r e c o g n i z i n ~  

t!?,;t t I L e  o r i e n t a t t o n s  o f  thc b a s i s  vec to r s  in t h e  I ,  2 and 3 ,  3 

rc;-rcser,tiltio;i.5: of course nust  1.c cons is  t e n t  ~? i l s ! l  t he  forcgoinf  . 
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